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CHAPTER I 
INTRODUCTION 
1 . 1 . Dynamical Systems 
In 1902 E . T . W h i t t a k e r p u b l i s h e d a theorem which a s s e r t e d t h e 
e x i s t e n c e o f p e r i o d i c o r b i t s o f c e r t a i n dynamical systems o f two d e g r e e s 
o f freedom ( s e e [Wh; pp. 3 8 6 - 3 8 9 ] ) . We s h a l l g e n e r a l i z e W h i t t a k e r ' s 
theorem and p r o v e our g e n e r a l i z a t i o n . In o r d e r t o f o r m u l a t e t h e theorem 
p r e c i s e l y , we immediate ly i n t r o d u c e and d i s c u s s some c o n c e p t s . 
A p a r t i c l e o r p o i n t mass i s an o r d e r e d p a i r (M-, x ) , where M- i s 
a p o s i t i v e r e a l number and x i s an n - t u p l e o f r e a l numbers — 
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x = ( x 1 , x , x 1 1 ) . The p o s i t i v e number \i> i s c a l l e d t h e mass o f t h e 
p a r t i c l e and t h e n - t u p l e x i s c a l l e d i t s p o s i t i o n . 
A mot ion o f m p a r t i c l e s in E u c l i d e a n n - s p a c e E n i s a f i n i t e 
sequence o f p a i r s 
O l , l i ( t ) ) , ( U f o , f m ( t ) ) , 
where _ f ^ ( t ) i s a c o n t i n u o u s f u n c t i o n wi th domain t h e non-empty open 
i n t e r v a l ( a , b ) o f t h e r e a l l i n e ( t i m e ) and r a n g e a s u b s e t o f E u c l i d e a n 
n - s p a c e f o r each i n t e g e r i = 1 , . . . , m. 
1 . 1 . 1 . Newtonian Dynamical Sys tems; C o n s e r v a t i o n o f Energy 
A mot ion o f m p a r t i c l e s i n E u c l i d e a n n - s p a c e i s c a l l e d a ( c o n ­
s e r v a t i v e ) Newtonian dynamica l sys tem i f each f u n c t i o n f\ has a t l e a s t 
two c o n t i n u o u s d e r i v a t i v e s on t h e non-empty open i n t e r v a l ( a , b ) o f t h e 
"t ime" a x i s and on t h i s i n t e r v a l s a t i s f i e s a d i f f e r e n t i a l e q u a t i o n o f 
2 
t h e form 
^ i l ' i U ) = - V ( f ^ t ) , f ^ t ) ) , i = 1 , m. ( 1 ) 
The d o t s o v e r t h e f u n c t i o n s F_ in e q u a t i o n s ( 1 ) i n d i c a t e second d e r i v a ­
t i v e s wi th r e s p e c t t o t h e argument o f t h e f u n c t i o n s ; t h e l e t t e r V denotes 
a r e a l - v a l u e d f u n c t i o n , de f ined and c o n t i n u o u s and having c o n t i n u o u s f i r s t 
p a r t i a l d e r i v a t i v e s on an open s u b s e t o f E 1 1 1 1 1 ( E u c l i d e a n n m - s p a c e ) ; V x _ 
denote s t h e n - t u p l e o f f u n c t i o n s 
f dV dV v 
V T J • • • J ) 
3 x j 3 x 1? i I 
The f u n c t i o n V i s c a l l e d t h e p o t e n t i a l o f t h e Newtonian dynamica l sy s t em. 
The n e x t p r o p o s i t i o n i s u s u a l l y known by t h e t i t l e o f c o n s e r v a ­
t i o n o f e n e r g y . 
P r o p o s i t i o n 1 . F o r the Newtonian dynamical sys tem (M^, f ^ C O ) , 
(M-m, m ( t ) ) in E u c l i d e a n n - s p a c e wi th p o t e n t i a l V, t h e e x p r e s s i o n 
m n 
h y P . . y [ H ( t > ] 2 + v ^ t ) , f ( t ) > ( 2 ) 
1=1 3=1 
i s a c o n s t a n t f u n c t i o n o f t h e t ime v a r i a b l e on t h e i n t e r v a l ( a , b ) . 
We denote t h e c o n s t a n t v a l u e o f t h e e x p r e s s i o n ( 2 ) by t h e l e t t e r 
h . The r e a l number h i s c a l l e d t h e energy o f t h e dynamical sys tem 
{ i i ( t » } A • 
T h i s p r o p o s i t i o n i s proved by d i f f e r e n t i a t i n g e x p r e s s i o n ( 2 ) wi th 
r e s p e c t t o t h e t ime t and a p p l y i n g e q u a t i o n ( 1 ) t o show t h a t the d e r i v a ­
t i v e i s z e r o . 
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1 , 1 . 2 . M a u p e r t u i s ' P r i n c i p l e ( L e a s t A c t i o n ) 
The two p r o p o s i t i o n s o f t h i s s u b s e c t i o n use c o n c e p t s and r e s u l t s 
from t h e c a l c u l u s o f v a r i a t i o n s . F o r t h e r e l e v a n t m a t e r i a l s ee Appendix 
A. 
P r o p o s i t i o n 1 . Suppose t h a t t h e m - t u p l e o f f u n c t i o n s 
(0 . ,(s), 0 ( s ) ) s a t i s f i e s t h e c o n d i t i o n 
—1 - T i l 
h - V Q J ^ s ) , ^ ( s ) ) > 0 
f o r each r e a l number s i n t h e i n t e r v a l [ 0 , s-^], and suppose t h a t t h i s 
m - t u p l e y i e l d s a s t a t i o n a r y v a l u e o f t h e i n t e g r a l 
s m n i 
t
 1 { h " V C 5 i < 8 ) . • • • > ^ ( s ) ) } 2 [h\ p. £ [ > | ( s ) ] 2 } *
 d s , ( 3 ) 
o i = l 1 j = l 1 
where t h e p a r a m e t e r s i s s e l e c t e d so t h a t 
m n 
{ h - V(0 ( s ) , ^ ( s ) ) } {hi \ L ± £ [0 | ( s ) ] 2 } = 1 . ( 4 ) 
i = l j = l 
L e t t h e r e a l - v a l u e d f u n c t i o n s ( t ) be de f ined by t h e e q u a t i o n 
| £ = h - V C ^ s ) , ^ ( s ) ) 
and t h e i n i t i a l c o n d i t i o n s ( 0 ) = 0 . L e t t h e f u n c t i o n s ^ ( t ) , ^ m ( t ) 
be d e f i n e d by 
I i ( t ) = 0 i ( s ( t ) ) , i = 1 , m. 
Then t h e mot ion { ( l ^ j Z i ^ ^ j ' i s l ^s a Newtonian dynamica l sys tem which 
i s d e f i n e d f o r t i m e s i n t h e i n t e r v a l [ 0 , t - ^ ] ( t ^ i s de f ined by t h e 
4 
e q u a t i o n s ( t ^ ) = s-^); t h e sys tem has p o t e n t i a l V and energy h . 
P r o p o s i t i o n 2 . C o n v e r s e l y , l e t j^ O -^p Xi i = l ^ e a Newtonian 
dynamica l sys tem on an open i n t e r v a l c o n t a i n i n g t h e i n t e r v a l [ 0 , t ^ ] . 
Denote t h e p o t e n t i a l o f t h e sys tem by t h e l e t t e r V and t h e energy o f t h e 
o o 
sys tem by t h e l e t t e r h . Def ine n - t u p l e s x^ and v^ by t h e e q u a t i o n s 
l i ( 0 ) - k 
l - i ( O ) = v rh - V ( x . . . . g )] dt 1 L - 1 » ••• 9 ^ mJ J » 




ds h - V[Y ( t ) , Y ( t ) ] 
—1 m 
and t h e i n i t i a l c o n d i t i o n t ( 0 ) = 0 . Suppose t h a t f o r t i n t h e i n t e r v a l 
[°> h. 
h - v [ I 1 ( t ) , I m ( t ) ] > 0 . 
L e t t h e f u n c t i o n 0^(s) be d e f i n e d by t h e e q u a t i o n 
£ ± ( s ) = Y 1 ( t ( s ) ) > i = 1 , m. 
r 1 m 
Then l0 (^s) } y i e l d s a s t a t i o n a r y v a l u e o f t h e i n t e g r a l ( 3 ) whi l e 
s a t i s f y i n g e q u a t i o n ( 4 ) . 
These two p r o p o s i t i o n s t a k e n t o g e t h e r a r e t h e J a c o b i f o r m u l a t i o n 
o f t h e Mauper tu i s p r i n c i p l e ( s e e [ W i ; pp . 1 2 2 - 1 2 7 and 417 ] ) . A p r o o f 
o f them can be c o n s t r u c t e d by comparing t h e E u l e r e q u a t i o n ( s e e Appendix 
A) o f t h e i n t e g r a n d in ( 3 ) wi th Newton's e q u a t i o n ( 1 ) . We d e f e r p r o v i n g 
t h e s e p r o p o s i t i o n s u n t i l S e c t i o n 2 . 6 , below, where they a r e g i v e n in a 
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more g e n e r a l s e t t i n g . 
The i n t e g r a l ( 3 ) in t h e p r e v i o u s s u b s e c t i o n has t h e same form as 
l e n g t h o f a r c o f a c u r v e l y i n g on a s u r f a c e in E u c l i d e a n N-space f o r 
some i n t e g e r N = mn + 1 . The s tudy o f such forms and t h e s e t s on which 
they a r e de f ined f a l l s w i t h i n t h e a r e a o f Riemann g e o m e t r y . Needed 
r e s u l t s from Riemann geometry w i l l be deve loped in C h a p t e r Two. In t h e 
l a s t p a r t o f C h a p t e r Two we s h a l l draw more p r e c i s e l y t h e c o n n e c t i o n 
i n d i c a t e d above between Newtonian dynamica l sys tems and Riemann geometry . 
1 . 2 . W h i t t a k e r ' s Theorem and t h e Problem 
W h i t t a k e r ' s theorem ( s e e [Wh; pp. 3 8 6 - 3 8 9 ] ) a s s e r t s t h e e x i s t e n c e 
o f p e r i o d i c o r b i t s o f a Newtonian dynamical sys tem of two d e g r e e s of 
freedom. Such a sys tem i s d e s c r i b e d by two r e a l f u n c t i o n s f Q and g Q o f 
t h e r e a l ( t i m e ) v a r i a b l e t . These f u n c t i o n s a r e de f ined and have c o n ­
t i n u o u s d e r i v a t i v e s through second o r d e r on an open (non-empty) i n t e r v a l 
I Q o f t h e r e a l l i n e . I t i s assumed t h a t f Q and g Q s a t i s f y Newton's 
e q u a t i o n s o f mot ion on I Q , i . e . , 
f Q ( t ) = - V 1 ( f Q ( t ) , g Q ( t ) ) , 
g 'o ( t ) = - V 2 ( f 0 ( t ) , g G ( t ) ) . 
Here V d e n o t e s t h e g iven p o t e n t i a l p e r u n i t mass o f t h e sy s t em; and 
V 2 denote t h e p a r t i a l d e r i v a t i v e s o f t h i s p o t e n t i a l w i th r e s p e c t t o i t s 
f i r s t and second v a r i a b l e s r e s p e c t i v e l y and t h e double d o t s o v e r f and 
r J
 o 
g Q denote second d e r i v a t i v e s wi th r e s p e c t t o t . The f u n c t i o n V and i t s 
p a r t i a l d e r i v a t i v e s a r e assumed t o be de f ined and c o n t i n u o u s in an open 
(non-empty) s u b s e t o f t h e E u c l i d e a n ( x , y ) - p l a n e . 
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W h i t t a k e r c o n s i d e r s a c l o s e d s u b s e t o f t h e E u c l i d e a n p l a n e which 
i s t o p o l o g i c a l l y e q u i v a l e n t t o a c l o s e d a n n u l u s . By t h i s s t a t e m e n t we 
mean t h a t t h e r e i s a o n e - t o - o n e f u n c t i o n wi th domain t h e annulus and 
r a n g e t h e c l o s e d s u b s e t and t h i s f u n c t i o n i s c o n t i n u o u s and has a c o n ­
t i n u o u s i n v e r s e . The c l o s e d s u b s e t i s bounded by two J o r d a n c u r v e s . By 
a J o r d a n c u r v e we u n d e r s t a n d t h e r a n g e of an o r d e r e d p a i r of r e a l - v a l u e d 
c o n t i n u o u s f u n c t i o n s ( f , g ) de f ined on a c l o s e d i n t e r v a l [ a , b ] o f t h e 
r e a l l i n e , where t h e f u n c t i o n s f and g a r e such t h a t i f f ( t ^ ) = f ( t 2 ) 
and g( t -^) = g ( t ^ ) f o r t - j < t 2 , then t ^ = a and t ^ = b . W h i t t a k e r f u r t h e r 
supposes t h a t t h e p e r i o d i c e x t e n t i o n s o f f and g have c o n t i n u o u s 
d e r i v a t i v e s through second o r d e r . 
A c c o r d i n g t o t h e J o r d a n c u r v e theorem each o f t h e bounding c u r v e s 
s e p a r a t e s t h e p l a n e i n t o a bounded p o r t i o n and an unbounded p o r t i o n . By 
t h e o u t e r normal of a J o r d a n c u r v e we u n d e r s t a n d t h e p e r p e n d i c u l a r t o t h e 
t a n g e n t , t h e p o s i t i v e s e n s e o f t h e p e r p e n d i c u l a r be ing toward t h e un­
bounded p o r t i o n o f t h e p l a n e . W h i t t a k e r denote s by Y t h e o r i e n t e d a n g l e 
between t h e x - a x i s and t h e o u t e r normal o f e i t h e r o f t h e boundary c u r v e s 
and by p t h e r a d i u s o f c u r v a t u r e o f e i t h e r o f t h e c u r v e s a t an a r b i t r a r y 
p o i n t . 
W h i t t a k e r ' s a s s e r t i o n r e a d s [Wh; p . 3 8 9 ] : 
I f one c l o s e d c u r v e be e n c l o s e d by a n o t h e r c l o s e d 
c u r v e , and i f t h e q u a n t i t y 
h - V ( x , y )
 L / NdV , / • ,,N 
"
y
 - %(cos y k %(sin Y ) p d x 
dV 
dy ( l ) 
be n e g a t i v e a t a l l p o i n t s of t h e i n n e r c u r v e and p o s i t i v e 
a t a l l p o i n t s o f t h e o u t e r c u r v e , then in t h e r i n g - s h a p e d 
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s p a c e between t h e two c u r v e s t h e r e e x i s t s a p e r i o d i c 
o r b i t o f t h e dynamical sys tem f o r which the c o n s t a n t 
o f energy i s h . 
The term " p e r i o d i c o r b i t " means a p a i r o f f u n c t i o n s f and g Q 
s a t i s f y i n g Newton's e q u a t i o n s o f mot ion (above ) f o r a l l t ime t and having 
t h e same p o s i t i v e p e r i o d T. That i s , 
f 0(t + T) - f o(t) 
and 
g 0(t + T) = g o(t) 
f o r a l l t . The energy c o n s t a n t h o f t h e dynamical system ( f Q , g Q ) i s t h e 
c o n s t a n t v a l u e o f 
% { ( f 0 ( t ) ) 2 + ( g Q ( t ) ) 2 } + V ( f Q ( t ) , g Q ( t ) ) . 
The q u a n t i t y 
a r i s e s from t h e J a c o b i f o r m u l a t i o n o f t h e Maupertu is p r i n c i p l e ( s e e 
S e c t i o n 1 . 1 ) . J a c o b i h a s shown t h a t Newton's e q u a t i o n s o f mot ion a r e 
e q u i v a l e n t t o t h e f o r m u l a t i o n o f t h e Maupertu is p r i n c i p l e s t a t e d in 
S u b s e c t i o n 1 . 1 . 2 . In t h e p r e s e n t c a s e (two degrees of freedom) by t h i s 
e q u i v a l e n c e t h e f u n c t i o n s f and g Q y i e l d a s t a t i o n a r y v a l u e o f t h e 
i n t e g r a l 
i ( f , g ) = J b { h - v ( f ( t ) , g ( t ) ) } 2 {[f(t)]2 + [ g ( t ) ] 2 } d t . 
a 
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W h i t t a k e r ' s argument c o n s i s t s e s s e n t i a l l y o f t h e fo l l owing four 
s t e p s : 
1 . The c o n d i t i o n t h a t 
be n e g a t i v e a t a l l p o i n t s o f t h e i n n e r c u r v e and 
p o s i t i v e a t a l l p o i n t s o f t h e o u t e r c u r v e " i s 
shown t o imply t h a t any c l o s e d c u r v e which i s 
s u f f i c i e n t l y c l o s e t o e i t h e r o f t h e boundary 
c u r v e s has I - v a l u e l e s s than t h e I - v a l u e of t h e 
boundary c u r v e , 
2 . W h i t t a k e r seeks a c l o s e d c u r v e hav ing a minimum 
I - v a l u e s i n c e such a c l o s e d c u r v e a l s o y i e l d s a 
s t a t i o n a r y v a l u e f o r I . 
3 . B e c a u s e o f s t e p o n e , W h i t t a k e r a s s e r t s t h a t a 
c l o s e d c u r v e y i e l d i n g a minimum I - v a l u e e x i s t s 
in t h e i n t e r i o r o f t h e r i n g - s h a p e d r e g i o n . 
4 . From t h e e q u i v a l e n c e o f t h e Maupertu i s p r i n c i p l e 
t o Newton's e q u a t i o n s o f m o t i o n , t h i s c u r v e i s a 
p e r i o d i c o r b i t o f t h e dynamical s y s t e m . 
In t h i s argument a gap o c c u r s in s t e p t h r e e . W h i t t a k e r has n o t 
d e m o n s t r a t e d t h e e x i s t e n c e of t h e c u r v e . He has only shown t h a t i f i t 
e x i s t s , i t c a n n o t i n t e r s e c t t h e boundary c u r v e s . One o f t h e purposes o f 
t h i s i n v e s t i g a t i o n i s t o e s t a b l i s h t h e e x i s t e n c e o f such a c u r v e . 
i t h - V ( x , y ) 
P 
1 O V n 
- \ c o s Y — - \ 
c i x 
i . o v 
\ sm Y 
dy 
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1 . 3 . O b s e r v a t i o n s o f a P h y s i c a l 
and G e o m e t r i c a l N a t u r e 
In h i s argument W h i t t a k e r seeks a c l o s e d c u r v e which minimizes 
t h e i n t e g r a l I ( s e e t h e p r e v i o u s s e c t i o n ) . The e x p r e s s i o n 
may be r e g a r d e d as t h e f i r s t fundamental form d e f i n i n g l e n g t h o f a r c on 
a Riemann m a n i f o l d [Wi; p . 1 2 7 ] . A c l o s e d c u r v e which y i e l d s a minimum 
f o r I becomes a c l o s e d c u r v e which has minimum l e n g t h . 
To c o n t i n u e our i n t u i t i v e d i s c u s s i o n we need t h e well-known f a c t 
( s e e [Wd; pp . 3 3 - 3 9 ] o r S e c t i o n 2 , 5 be low) t h a t under a p p r o p r i a t e hypo­
t h e s e s any two n e i g h b o r i n g p o i n t s o f a Riemann mani fo ld may be c o n n e c t e d 
by a "unique" c u r v e hav ing l e n g t h s m a l l e r than any o t h e r c u r v e j o i n i n g 
t h e two p o i n t s . 
The e x p r e s s i o n ( 1 ) o f S e c t i o n 1 . 2 ( s e e W h i t t a k e r ' s t h e o r e m ) may be 
i n t e r p r e t e d p h y s i c a l l y as o n e - h a l f t h e d i f f e r e n c e between t h e c e n t r i f u g a l 
f o r c e f o r a f i c t i t i o u s mot ion ©f energy h a long t h e boundary , 
and t h e component o f t h e f o r c e due t o t h e p o t e n t i a l V in t h e d i r e c t i o n o f 
t h e i n n e r n o r m a l . S i n c e f o r a dynamica l sys tem t h e d i f f e r e n c e i s z e r o 
and s i n c e f o r t h e o u t e r boundary c u r v e t h e d i f f e r e n c e i s assumed p o s i t i v e , 
a t t h e p o i n t o f t a n g e n c y t h e r a d i u s o f c u r v a t u r e f o r a dynamica l sy s t em 
t a n g e n t t o t h e o u t e r c u r v e i s g r e a t e r than t h e r a d i u s o f c u r v a t u r e o f t h e 
boundary c u r v e . B e c a u s e o f t h i s d i f f e r e n c e in r a d i i o f c u r v a t u r e , t h e 
t a n g e n t dynamica l sy s t em c a n n o t e n t e r t h e r i n g - s h a p e d r e g i o n f o r v a l u e s 





F i g u r e 1. B e h a v i o r o f dynamica l sys tems 
which a r e t a n g e n t t o the boundary 
c u r v e s o f W h i t t a k e r ' s r i n g - s h a p e d r e g i o n . 
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o f t h e t ime n e a r t h e t ime o f c o n t a c t wi th t h e boundary c u r v e ( s e e 
F i g u r e 1 ) . This f a c t i s e s t a b l i s h e d in C h a p t e r Four below. I t can be 
e s t a b l i s h e d h e r e by i n t r o d u c i n g a sys tem of p e r p e n d i c u l a r c o o r d i n a t e s 
a t t h e p o i n t o f t a n g e n c y wi th one a x i s t a n g e n t t o t h e o u t e r c u r v e . The 
f u n c t i o n s d e s c r i b i n g t h e boundary c u r v e and t h e t a n g e n t dynamica l sys tem 
a r e expanded by T a y l o r ' s theorem and t h e d i f f e r e n c e in second o r d e r 
t erms y i e l d s t h e r e s u l t . 
A s i m i l a r c o n c l u s i o n may be drawn f o r t h e i n n e r boundary c u r v e . 
As we s h a l l s e e , t h e r e s u l t o f t h e s e c o n c l u s i o n s i s t h a t t h e unique 
s h o r t e s t c u r v e (dynamica l s y s t e m ) which j o i n s two n e i g h b o r i n g p o i n t s on 
t h e boundary o f t h e r i n g - s h a p e d r e g i o n l i e s in t h e i n t e r i o r o f t h e r e g i o n 
e x c e p t f o r i t s " e n d p o i n t s . " This c o n v e x i t y o b s e r v a t i o n p r o v i d e s t h e 
b a s i s f o r our development i n C h a p t e r s Two and T h r e e . 
We approach t h e p r o o f o f W h i t t a k e r ' s theorem from a g e o m e t r i c a l 
v i e w p o i n t wi th s t r a i g h t l i n e s o f E u c l i d e a n geometry r e p l a c e d by t h e 
a f o r e m e n t i o n e d s h o r t e s t c u r v e s . We s h a l l show t h a t t h e h y p o t h e s e s o f 
W h i t t a k e r ' s theorem i n s u r e t h a t t h e r i n g - s h a p e d r e g i o n i s l o c a l l y c o n v e x . 
A l o c a l l y convex s e t , we u n d e r s t a n d , i s a s e t such t h a t any two o f i t s 
p o i n t s which a r e s u f f i c i e n t l y c l o s e t o g e t h e r may be j o i n e d by a c u r v e o f 
l e a s t l e n g t h l y i n g in t h e s e t . The n o t i o n o f l o c a l c o n v e x i t y i s used 
t o g e n e r a l i z e t h e W h i t t a k e r boundary h y p o t h e s e s t o c o v e r dynamica l 
sys tems o f n d e g r e e s o f freedom in the g u i s e o f a Riemann m a n i f o l d o f 
dimension n ( s e e C h a p t e r Four b e l o w ) . 
In t h e p r o c e s s o f p r o v i n g W h i t t a k e r ' s theorem, we e s t a b l i s h a 
g e n e r a l i z a t i o n o f a theorem o f T i e t z e [T; p . 6 9 7 ] , who showed t h a t a 
c l o s e d l o c a l l y convex s u b s e t o f n - d i m e n s i o n a l E u c l i d e a n s p a c e i s c o n v e x . 
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A s i d e r e s u l t o f our arguments w i l l be t h a t (under s u i t a b l e h y p o t h e s e s ) 
a l o c a l l y convex s e t i s a l s o "convex" (any two p o i n t s can be j o i n e d by 
a s h o r t e s t c u r v e which l i e s in t h e s e t ) . 
1 . 4 . Some H i s t o r i c a l and Other C o n s i d e r a t i o n s 
In [B] G. D. B i r k h o f f a t t r i b u t e s t h e f i r s t r i g o r o u s p r o o f o f 
W h i t t a k e r ' s theorem t o S i g n o r i n i [ S ] and c l a i m s t o e x t e n d W h i t t a k e r ' s 
and S i g n o r i n i ' s r e s u l t s . B i r k h o f f r e s t r i c t s h i s a t t e n t i o n t o dynamica l 
sys tems of two d e g r e e s o f freedom, and he r e l a x e s t h e c o n d i t i o n s on t h e 
r i n g - s h a p e d r e g i o n [ B ; pp. 2 1 6 - 2 1 9 ] t o t h e p o i n t t h a t t h e boundary need 
n o t be g iven by two p a r a m e t r i c c u r v e s . As B i r k h o f f p o i n t s o u t , t h e 
n a t u r e o f h i s g e n e r a l i z a t i o n i m p l i e s t h a t h i s r e g i o n i s a " l i m i t " o f an 
i n c r e a s i n g sequence o f r i n g - s h a p e d r e g i o n s whose b o u n d a r i e s a r e g i v e n by 
p a r a m e t r i c c u r v e s which s a t i s f y t h e c o n v e x i t y c o n d i t i o n s o f S e c t i o n 1 . 2 
[ B ; p . 2 1 7 ] , B i r k h o f f ' s a r t i c l e i s d i f f i c u l t t o r e a d and l a c k i n g in r i g o r . 
We s h a l l prove W h i t t a k e r ' s theorem by us ing t e c h n i q u e s f i r s t 
deve loped by H i l b e r t [ B z ; pp . 4 1 9 - 4 4 3 ] . Because o f t h e many developments 
in t h e geometry of m e t r i c s p a c e s ( s e e works o f B l u m e n t h a l , Busemann, 
Menger and R i n o w ) , i t i s p o s s i b l e t o g i v e i n t u i t i v e l y p l e a s i n g g e o m e t r i c a l 
a r g u m e n t s . We g e n e r a l i z e t h e theorem t o apply t o dynamica l sys tems o f n 
d e g r e e s o f freedom. I t i s f o r t h i s g e n e r a l i z a t i o n t h a t t h e c o n c e p t o f 
Riemann m a n i f o l d becomes i m p o r t a n t . 
In o r d e r t o s t a t e t h e g e n e r a l i z a t i o n , t h e n e x t c h a p t e r i s devoted 
t o deve lop ing t h e n e c e s s a r y t o o l s from Riemann g e o m e t r y . 
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CHAPTER I I 
RIEMANN MANIFOLDS AND DYNAMICAL SYSTEMS 
In C h a p t e r One a c o n n e c t i o n was i n d i c a t e d between W h i t t a k e r ' s 
theorem and Riemann m a n i f o l d s ( M a u p e r t u i s ' p r i n c i p l e — see S e c t i o n s 1 . 1 
and 1 . 2 ) . In t h i s c h a p t e r we s h a l l c a r e f u l l y draw t h i s c o n n e c t i o n in 
r i g o r o u s t e r m s . The t e r m "Riemann m a n i f o l d , " a l r e a d y used in a vague 
s e n s e , i s d e f i n e d and c e r t a i n p r o p e r t i e s o f such mani fo lds a r e i n v e s t i ­
g a t e d . The i n v e s t i g a t i o n o f Riemann mani fo lds c e n t e r s around t h e p r o p e r ­
t i e s o f c o n v e x i t y which we observed t o ho ld f o r t h e r i n g - s h a p e d r e g i o n 
o c c u r i n g in t h e W h i t t a k e r theorem ( s e e S e c t i o n 1 . 3 ) . 
The n o t i o n o f a Riemann m a n i f o l d p r o v i d e s t h e means o f g e n e r a l i z i n g 
W h i t t a k e r ' s t h e o r e m . However, t h e d e t a i l s o f Riemann geometry o b s c u r e 
t h e b a s i c i d e a s i n v o l v e d i n our a r g u m e n t s . F o r t h i s r e a s o n once we have 
deve loped t h e b a s i c r e s u l t s of Riemann g e o m e t r y , we use t h e s e r e s u l t s 
as axioms f o r a c l a s s o f " d i s t a n c e s p a c e s . " I t i s in t h i s s e t t i n g t h a t 
W h i t t a k e r ' s theorem i s p r o v e d , and i n t h i s s e t t i n g t h e g e o m e t r i c a l n a t u r e 
o f our arguments becomes more p e r s p i c u o u s . 
We b e g i n t h i s c h a p t e r wi th some b a s i c n o t i o n s from t o p o l o g y . 
M a n i f o l d s , t e n s o r s and Riemann m a n i f o l d s a r e d i s c u s s e d in s u c c e e d i n g 
s e c t i o n s . S i n c e our m e c h a n i c a l problem and t h e e x i s t e n c e o f s h o r t e s t 
c u r v e s i n a Riemann mani fo ld g i v e r i s e t o o r d i n a r y d i f f e r e n t i a l e q u a t i o n s , 
we r e c a l l an e x i s t e n c e and uniqueness theorem c o n c e r n i n g s o l u t i o n s o f 
such e q u a t i o n s . In t h e l a s t p a r t o f C h a p t e r Two t h e a c t u a l c o n v e x i t y 
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p r o p e r t i e s o f Riemann m a n i f o l d s a r e d i s c u s s e d , and the c o n n e c t i o n between 
Riemann m a n i f o l d s and dynamica l systems i s g i v e n . 
2 . 1 . Topology 
In t h i s s e c t i o n d e f i n i t i o n s and r e s u l t s from p o i n t - s e t t o p o l o g y 
a r e g i v e n in a form which proves u s e f u l i n our development . 
2 . 1 . 1 . T o p o l o g i c a l Spaces 
Le t T be a c o l l e c t i o n o f s e t s such t h a t any union o f members o f 
T and any f i n i t e i n t e r s e c t i o n o f members o f T be long a g a i n t o t h e s e t T. 
I f t h e empty s e t be longs t o T, then we say t h a t the s e t T i s a t o p o l o g y 
on t h e s p a c e X where t h e s e t X i s de f ined by 
X =u(g |g i s a member o f t | . 
The s e t X i s c a l l e d t h e s p a c e o f t h e t o p o l o g y T. We s h a l l use t h e 
( l o g i c a l l y i n c o r r e c t ) t e r m i n o l o g y " t o p o l o g i c a l s p a c e X" t o l a b e l t h e 
u n d e r s t o o d t o p o l o g y T as w e l l as i t s s p a c e X . The members o f t h e t o p ­
o logy T a r e c a l l e d t h e open s e t s ( o f X ) . The complement ( i n X) o f an 
open s e t i s c a l l e d a c l o s e d s e t ( o f X ) . 
L e t A denote a s u b s e t o f the t o p o l o g i c a l s p a c e X. A p o i n t x in 
t h e s e t X i s c a l l e d a l i m i t p o i n t o f t h e s e t A i f e v e r y open s e t c o n -
r \ 
t a i n i n g x h a s a non-empty i n t e r s e c t i o n wi th t h e s e t A - ^ x J . The 
c l o s u r e o f a s e t A in t h e s p a c e X , denoted by c l ( A ) , i s de f ined t o be 
t h e union o f t h e s e t A w i t h t h e s e t o f i t s l i m i t p o i n t s . C l e a r l y , t h e 
c l o s u r e o f a s e t A i s a c l o s e d s e t . I f A i s c l o s e d , then A and i t s 
c l o s u r e a r e i d e n t i c a l . 
A p o i n t x i s c a l l e d an i n t e r i o r p o i n t of a s e t A i f t h e r e i s an 
open s e t c o n t a i n i n g t h e p o i n t x and t h i s open s e t i s a s u b s e t o f A. The 
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s e t o f a l l i n t e r i o r p o i n t s o f A, denoted by I n t ( A ) , i s c a l l e d t h e i n t e r i o r 
o f A. C l e a r l y , t h e i n t e r i o r o f a s e t i s an open ( p o s s i b l y empty) s e t . I f 
t h e s e t A i s open, then I n t ( A ) and A a r e i d e n t i c a l . An open s e t c o n ­
t a i n i n g a p o i n t x w i l l be c a l l e d a ne ighborhood of x . 
2 . 1 . 2 . D i s t a n c e F u n c t i o n 
A n o n - n e g a t i v e , r e a l - v a l u e d f u n c t i o n d which i s de f ined on t h e 
c a r t e s i a n p r o d u c t X x X i s c a l l e d a d i s t a n c e f u n c t i o n on t h e s e t X i f 
t h e f o l l o w i n g c o n d i t i o n s a r e s a t i s f i e d : 
1 . t h e number d ( x , y ) v a n i s h e s i f and only i f x i s 
i d e n t i c a l wi th y ; 
2 . d ( x , y ) = d ( y , x ) f o r a l l p o i n t s x and y in X; and 
3 . d ( x , z ) — d ( x , y ) + d ( y , z ) f o r a l l p o i n t s x , y and z 
in X ( t h e t r i a n g l e i n e q u a l i t y ) . 
I f d i s a d i s t a n c e f u n c t i o n on t h e s e t X , we say t h a t t h e s e t X i s 
a d i s t a n c e s p a c e . The s e t o f p o i n t s 
S ( x , e ) = | y e x | d ( x , y ) < e } 
i s c a l l e d t h e e - b a l l about x . A s e t G in a d i s t a n c e s p a c e X i s s a i d t o 
be open i f , f o r any p o i n t x i n G, t h e r e i s a p o s i t i v e number e such t h a t 
t h e e - b a l l S ( x , € ) i s a s u b s e t o f G. L e t T^ denote t h e c o l l e c t i o n o f a l l 
open s e t s o f a d i s t a n c e s p a c e , then T^ i s a topo logy on t h e s p a c e X. The 
t o p o l o g y T^ i s c a l l e d t h e t o p o l o g y o f t h e d i s t a n c e f u n c t i o n d. Such a 
t o p o l o g y w i l l be c a l l e d a d i s t a n c e t o p o l o g y . The t r i a n g l e i n e q u a l i t y 
i m p l i e s t h a t € - b a l l s a r e open s e t s f o r each p o s i t i v e number 6 . 
One i m p o r t a n t p r o p e r t y o f d i s t a n c e t o p o l o g i e s i s t h a t any two 
d i s t i n c t p o i n t s x and z o f X have d i s j o i n t n e i g h b o r h o o d s . In f a c t l e t 
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r = d ( x , z ) > 0 . An a p p l i c a t i o n o f t h e t r i a n g l e i n e q u a l i t y shows t h a t t h e 
b a l l s 
S ( x , r / 2 ) and S ( z , r / 2 ) 
a r e d i s j o i n t . A t o p o l o g y no t a r i s i n g from a d i s t a n c e f u n c t i o n may o r may 
n o t have t h i s p r o p e r t y . The t erm Hausdorf f s p a c e , we u n d e r s t a n d , r e f e r s 
t o a t o p o l o g i c a l s p a c e in which any two d i s t i n c t p o i n t s have d i s j o i n t 
n e i g h b o r h o o d s . 
2 . 1 . 3 . Mappings between T o p o l o g i c a l Spaces 
Le t f denote a f u n c t i o n o r mapping wi th domain t h e s u b s e t A o f 
t h e t o p o l o g i c a l s p a c e X . Suppose t h a t t h e r a n g e o f t h e f u n c t i o n f i s a 
s u b s e t o f t h e t o p o l o g i c a l s p a c e Y . The f u n c t i o n f i s c a l l e d c o n t i n u o u s 
on A ( i f A = X , j u s t c o n t i n u o u s ) i f t h e pre image o f any open s e t o f Y 
i s t h e i n t e r s e c t i o n o f an open s e t in X wi th t h e s e t A. The pre image o f 
a s u b s e t B o f Y i s t h e s e t 
£~l(B) = { x | f ( X ) 6 B } . 
L e t A and B be s u b s e t s o f t h e t o p o l o g i c a l s p a c e s X and Y r e s p e c ­
t i v e l y . Suppose t h a t t h e f u n c t i o n f i s c o n t i n u o u s and o n e - t o - o n e w i t h 
domain A and r a n g e B . Suppose a l s o t h a t t h e f u n c t i o n i n v e r s e t o f , f~^, 
i s c o n t i n u o u s . Then t h e s e t s A and B a r e c a l l e d t o p o l o g i c a l l y e q u i v a l e n t . 
T o p o l o g i c a l e q u i v a l e n c e i s an e q u i v a l e n c e r e l a t i o n . I f A and B a r e t o p ­
o l o g i c a l l y e q u i v a l e n t , we say a l s o t h a t A and B a r e homeomorphic. The 
mapping f which i s o n e - t o - o n e and c o n t i n u o u s in both d i r e c t i o n s i s 
c a l l e d a homeomorphism. 
I f t h e domain A of t h e c o n t i n u o u s f u n c t i o n f i s a c l o s e d i n t e r v a l 
o f t h e r e a l l i n e , then we c a l l t h i s f u n c t i o n a p a r a m e t r i c c u r v e . In t h e 
17 
c a s e o f a p a r a m e t r i c c u r v e i t i s e v i d e n t t h a t t h e image o f A under t h e 
f u n c t i o n f c a n n o t be w r i t t e n in t h e form 
(f ( A ) A G i ) \ J ( f ( A ) r \ G 2 ) , 
where G-^  and a r e open, non-empty s e t s . 
A t o p o l o g i c a l s p a c e which i s n o t t h e union o f two open, non­
empty s e t s i s c a l l e d c o n n e c t e d . A s u b s e t B o f a t o p o l o g i c a l s p a c e i s 
c a l l e d c o n n e c t e d i f 
B * ( B A P 1 ) \ J ( B A G 2 ) 
f o r any two open, non-empty s e t s o f G^ and G^. 
In t h i s t e r m i n o l o g y any i n t e r v a l o f t h e r e a l l i n e i s c o n n e c t e d . 
F u r t h e r , i t i s e v i d e n t t h a t t h e c o n t i n u o u s image o f a c o n n e c t e d s e t i s 
c o n n e c t e d . We s h a l l r e s t r i c t our a t t e n t i o n t o c o n n e c t e d t o p o l o g i c a l 
s p a c e s . 
2 . 1 . 4 . Sequences 
A f u n c t i o n whose domain i s some s u b s e t o f t h e n o n - n e g a t i v e i n t e g e r s 
i s c a l l e d a s e q u e n c e . A sequence i s denoted by { x n } n _Q o r i x n }"neS 
where in t h e f i r s t c a s e t h e domain i s t h e s e t o f n o n - n e g a t i v e i n t e g e r s 
and in t h e second c a s e t h e domain i s t h e s e t S. The v a l u e o f t h e sequence 
" i x r a t t h e i n t e g e r n i s denoted by x . I f i x [ i s a sequence and I. nJ n^S b n ^ n J n e s 
i f W i s a s u b s e t o f S, then t h e sequence { , x n ^ n e ^ i s c a l l e d a subsequence 
o f t h e sequence {^ nl^ g* A. sequence whose domain i s a f i n i t e s e t i s 
c a l l e d f i n i t e ; o t h e r w i s e , a sequence i s c a l l e d i n f i n i t e . 
L e t X be a t o p o l o g i c a l s p a c e . Suppose t h a t t h e r e i s a sequence 
\pn\ n=0 ^ n which each G n i s an open s e t , and suppose t h a t any open s e t U 
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can be w r i t t e n as a union o f t h e r a n g e o f a subsequence o f t h e sequence 
{c^"}
 n = o« l n t h i s c a s e we say t h a t t h e t o p o l o g i c a l s p a c e X has a 
c o u n t a b l e b a s e . 
L e t X be a t o p o l o g i c a l s p a c e , and l e t j^ x n^ n g S be an i n f i n i t e 
sequence o f p o i n t s in X . We say t h a t t h i s sequence has l i m i t x , and 
we w r i t e s y m b o l i c a l l y 
x n ~ V * X 
i f any ne ighborhood o f t h e p o i n t x c o n t a i n s a l l o f t h e p o i n t s e x c e p t 
( p o s s i b l y ) f o r f i n i t e l y many i n t e g e r s n . We a l s o say t h a t t h e sequence 
" i ^ n l neS c o n v e r g e s t o t h e p o i n t x . In v iew of t h e d e f i n i t i o n o f t h e 
t erm H a u s d o r f f s p a c e , i t i s e v i d e n t t h a t in such a s p a c e a sequence can 
have a t most one l i m i t . In t h e c a s e t h a t t h e sequence ^ x n } " n e g ^ a s t * * e 
unique l i m i t x , we w r i t e s y m b o l i c a l l y 
in p l a c e o f 
x = l im x n (neS) 
x •* x . 
n S 
L e t f be a c o n t i n u o u s f u n c t i o n w i t h domain t h e s e t A (A i s a 
s u b s e t o f t h e t o p o l o g i c a l s p a c e X) and wi th r a n g e a s u b s e t o f t h e t o p o l o 
g i c a l s p a c e Y . L e t |_x n}^
 n e s he a sequence o f p o i n t s from t h e s e t A. Sup 
pose t h a t x = l im (neS) i s a p o i n t in t h e s e t A. Then 
f ( x ) = l im f ( x n ) ( n e s ) . 
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2.2 Mani fo lds and T h e i r Tangent Spaces 
We assume in t h i s s e c t i o n t h a t a l l t o p o l o g i c a l s p a c e s a r e 
H a u s d o r f f and c o n n e c t e d and have a c o u n t a b l e b a s e . 
2.2.1. L o c a l C o o r d i n a t e s and A t l a s e s 
A t o p o l o g i c a l s p a c e X i s c a l l e d a t o p o l o g i c a l man i fo ld o f dimension 
n i f each p o i n t has a ne ighborhood which i s t o p o l o g i c a l l y e q u i v a l e n t t o 
n - d i m e n s i o n a l E u c l i d e a n s p a c e E n . S i n c e f o r d i f f e r e n t i n t e g e r s n and m 
t h e E u c l i d e a n s p a c e s E n and E m a r e n o t t o p o l o g i c a l l y e q u i v a l e n t [HW; 
pp.24 and 4lJ, t h e dimension o f a t o p o l o g i c a l man i fo ld i s un ique ly 
d e t e r m i n e d . 
L e t U be an open s u b s e t o f X which i s t o p o l o g i c a l l y e q u i v a l e n t t o 
E n . L e t f be a homeomorphism between U and E n ( o r a s u b s e t o f E n ) . The 
p a i r ( U , f ) i s c a l l e d a c h a r t o r a sys tem o f l o c a l c o o r d i n a t e s in X . I f 
x"^, . . . , x n a r e c o o r d i n a t e s in E n o f t h e p o i n t f ( x ) (x a p o i n t o f U), then 
x''", x n a r e c a l l e d l o c a l c o o r d i n a t e s o f t h e p o i n t x . 
By t h e t e r m a t l a s o f c l a s s C^ (p a p o s i t i v e i n t e g e r ) on t h e t o p -
o l o g i c a l m a n i f o l d X we mean a sequence o f c h a r t s "^(U\,f^) j\ ^ wi th t h e 
f o l l o w i n g p r o p e r t i e s : 
1 . each p o i n t o f X i s c o n t a i n e d in a t l e a s t one s e t U . , and 
R
 I ' 
2. i f t h e i n t e r s e c t i o n o f t h e s e t s lh and U i s n o t empty, 
then t h e c o m p o s i t e t o p o l o g i c a l mappings f j f ^ and f . f T ^ 
have c o n t i n u o u s p a r t i a l d e r i v a t i v e s o f a l l o r d e r s through 
S i n c e t h e mapping f j f - j ^ i s i n v e r s e t o t h e mapping f - j^j^ a n < l s i n c e both 
mappings have c o n t i n u o u s p a r t i a l d e r i v a t i v e s , t h e i r J a c o b i a n d e t e r m i n a n t s 
c a n n o t v a n i s h . 
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Two a t l a s e s o f c l a s s c P a r e s a i d t o be e q u i v a l e n t i f t h e i r union 
i s an a t l a s o f c l a s s C*5. This d e f i n i t i o n o f e q u i v a l e n c e y i e l d s an e q u i ­
v a l e n c e r e l a t i o n | A ; pp. 6 - 7 J . A d i f f e r e n t i a b l e s t r u c t u r e o f c l a s s CP i s 
s a i d t o be d e f i n e d on X i f on X t h e r e i s de f ined an a t l a s o f c l a s s C P . 
In t h e c a s e t h a t X has a d i f f e r e n t i a b l e s t r u c t u r e o f c l a s s C P , we say 
t h a t X i s a d i f f e r e n t i a b l e m a n i f o l d o f c l a s s C P . 
Le t X be a d i f f e r e n t i a b l e man i fo ld o f c l a s s CP with d i f f e r e n t i a b l e 
s t r u c t u r e g iven by the a t l a s ^ ( U - p f i ) ) - £ e s » T ^ e c h a r t ( U , f ) i s s a i d t o 
be a l l o w a b l e i f t h e a t l a s ^ ( U ^ , f i ) ^ } i e S ^ L ( U , f ) L i s e q u i v a l e n t t o t h e 
a t l a s { ( U i ; t ± ) } u s . 
2 . 2 . 2 . R e a l - V a l u e d F u n c t i o n s on D i f f e r e n t i a b l e M a n i f o l d s ; 
P a r a m e t r i c Curves 
Le t X denote an n - d i m e n s i o n a l d i f f e r e n t i a b l e m a n i f o l d o f c l a s s 
C P . L e t q be a p o s i t i v e i n t e g e r no t e x c e e d i n g t h e i n t e g e r p and suppose 
t h a t a i s a r e a l - v a l u e d f u n c t i o n wi th domain a s u b s e t o f X . Le t x be a 
p o i n t o f t h e domain o f and l e t ( U , f ) be an a l l o w a b l e c h a r t wi th U c o n ­
t a i n i n g x . I f t h e f u n c t i o n Oif ^ i s c o n t i n u o u s l y d i f f e r e n t i a b l e o f c l a s s 
C ^ a t t h e p o i n t f ( x ) in E n , then we say t h a t t h e f u n c t i o n a i s c o n t i n u ­
o u s l y d i f f e r e n t i a b l e o f c l a s s C^ a t t h e p o i n t x . I f t h e f u n c t i o n a i s 
c o n t i n u o u s l y d i f f e r e n t i a b l e o f c l a s s C ^ a t each p o i n t o f X , then we say 
t h a t Qi i s o f c l a s s C ^ on X and we w r i t e s y m b o l i c a l l y oteC^ ( X ) . Th i s 
d e f i n i t i o n i s independent o f which a t l a s in an e q u i v a l e n c e c l a s s o f 
a t l a s e s i s used t o d e f i n e t h e d i f f e r e n t i a b l e s t r u c t u r e o f X . 
L e t w denote a p a r a m e t r i c c u r v e wi th domain t h e i n t e r v a l [ a , b ] 
and r a n e e a s u b s e t o f t h e d i f f e r e n t i a b l e man i fo ld X o f c l a s s C P . L e t t 0
 o 
be a r e a l number in t h e open i n t e r v a l ( a , b ) and l e t ( U , f ) be an a l l o w a b l e 
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c h a r t w i th U c o n t a i n i n g t h e p o i n t w ( t Q ) . I f t h e p a r a m e t r i c c u r v e w = fw 
in E u c l i d e a n n - s p a c e i s c o n t i n u o u s l y d i f f e r e n t i a b l e on an open i n t e r v a l 
c o n t a i n i n g t Q , then we say t h a t t h e p a r a m e t r i c c u r v e w i s c o n t i n u o u s l y 
d i f f e r e n t i a b l e a t t h e p o i n t t 0 . I f t h e p a r a m e t r i c c u r v e w i s c o n t i n u o u s l y 
d i f f e r e n t i a b l e a t each p o i n t o f t h e open i n t e r v a l ( a , b ) , then we say t h a t 
t h e c u r v e w i s c o n t i n u o u s l y d i f f e r e n t i a b l e on t h e i n t e r v a l ( a , b ) and 
w r i t e s y m b o l i c a l l y weC^"(a,b). The p a r a m e t r i c c u r v e w i s s a i d t o be 
c o n t i n u o u s l y d i f f e r e n t i a b l e on t h e c l o s e d i n t e r v a l [ c ,d ] i f i t i s c o n ­
t i n u o u s l y d i f f e r e n t i a b l e on an open i n t e r v a l c o n t a i n i n g t h e i n t e r v a l 
M ] . 
L e t w 1 = f x w be t h e i t h c o o r d i n a t e o f t h e c o n t i n u o u s l y d i f f e r e n ­
t i a b l e p a r a m e t r i c c u r v e w. L e t w denote t h e n - t u p l e (w^", w n ) . Then 
w i s c o n t i n u o u s l y d i f f e r e n t i a b l e (by d e f i n i t i o n ) i f and only i f w i s c o n ­
t i n u o u s l y d i f f e r e n t i a b l e . At each t in t h e i n t e r v a l ( a , b ) , t h e n - t u p l e 
» ( t 0 ) . 
(Def) *(t 0) = f ^ t ) } t=t 0 
i s i n t e r p r e t e d as c o o r d i n a t e s o f t h e t a n g e n t v e c t o r t o t h e p a r a m e t r i c 
c u r v e w in E n . In t h e n e x t few pages we d e f i n e t h e t a n g e n t v e c t o r t o the 
c u r v e w in t h e d i f f e r e n t i a b l e m a n i f o l d X and r e l a t e i t t o t h e n - t u p l e w. 
2 . 2 . 3 . Tangent S p a c e s , Tangent V e c t o r s and T h e i r C o o r d i n a t e s 
L e t be t h e l i n e a r f u n c t i o n de f ined as f o l l o w s : 
(Def) V « ) -ftW')} t-0 
where & i s any r e a l - v a l u e d f u n c t i o n which i s c o n t i n u o u s l y d i f f e r e n t i a b l e 
a t t h e p o i n t x in X , where w i s a p a r a m e t r i c c u r v e which i s c o n t i n u o u s l y 
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d i f f e r e n t i a b l e a t t = 0 , and where w ( o ) = x Q . The p a r a m e t r i c c u r v e s u) 
and w a r e s a i d t o have t h e same t a n g e n t v e c t o r ( a t t = 0 ) i f X ^ ) ( a ) = X w - ( a ) 
f o r a l l r e a l - v a l u e d f u n c t i o n s a which a r e c o n t i n u o u s l y d i f f e r e n t i a b l e a t 
t h e p o i n t Xq = w ( o ) = w ( o ) . "Having t h e same t a n g e n t v e c t o r " i s an e q u i ­
v a l e n c e r e l a t i o n among a l l p a r a m e t r i c c u r v e s w which a r e c o n t i n u o u s l y 
d i f f e r e n t i a b l e a t t = 0 wi th w ( 0 ) = x Q . An e q u i v a l e n c e c l a s s o f such 
p a r a m e t r i c c u r v e s w i l l be c a l l e d a t a n g e n t v e c t o r o f t h e man i fo ld X a t 
t h e p o i n t x Q . 
We n e x t d e f i n e a r i t h m e t i c o p e r a t i o n s on t a n g e n t v e c t o r s . We a l s o 
show t h a t t h e r e s u l t i n g v e c t o r s p a c e has dimension n. This v e c t o r s p a c e 
w i l l be c a l l e d t h e t a n g e n t s p a c e o f t h e m a n i f o l d X a t t h e p o i n t x Q . 
Le t v ( w ) denote t h e t a n g e n t v e c t o r c o n t a i n i n g t h e p a r a m e t r i c 
c u r v e w. F o r each r e a l number k d e f i n e t h e p r o d u c t o f t h e r e a l number 
k w i th t h e v e c t o r v ( w ) by t h e e q u a t i o n 
(Def) kv(w) = V(GU) 
where o u ( t ) = w ( k t ) . Th i s d e f i n i t i o n does n o t depend on which r e p r e s e n t a t i v e 
w i s s e l e c t e d from t h e e q u i v a l e n c e c l a s s v ( w ) . F o r l e t w^ and w^ be two 
p a r a m e t r i c c u r v e s in v ( w ) and l e t ( t ) = w ^ ( k t ) , i = 1 , 2 . Then 
\ ( a ) = *\(a) = % 2 ( a ) = \ ( « ) • 
The d e f i n i t i o n o f a d d i t i o n o f t a n g e n t v e c t o r s i s more d i f f i c u l t . 
To f a c i l i t a t e our d i s c u s s i o n , we d e f i n e " c o o r d i n a t e s " o f t a n g e n t v e c t o r s . 
L e t ( f , U ) be an a l l o w a b l e sys tem o f l o c a l c o o r d i n a t e s a t x Q . I f 
« af"^ and w = fw, where w = (w''', w 1 1 ) , and i f we suppose w i t h o u t 
l o s s o f g e n e r a l i t y t h a t i s c o n t i n u o u s l y d i f f e r e n t i a b l e on f ( U ) , then 
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a w ( t ) = Oif fw = O g ( w ( t ) ) f o r | t | s u f f i c i e n t l y s m a l l and 
t=0 1 ^ 1 o x 
S i n c e a and thus o ^ , run through a l l c o n t i n u o u s l y d i f f e r e n t i a b l e 
f u n c t i o n s , we may i d e n t i f y v ( w ) wi th t h e n - t u p l e w ( 0 ) and say t h a t w 1 , 
i = 1 , n , a r e c o o r d i n a t e s f o r v ( w ) in t h e sys tem ( f , U ) . I t i s 
c l e a r t h a t t h e c o o r d i n a t e s o f t h e t a n g e n t v e c t o r v a r e independent o f 
t h e p a r t i c u l a r r e p r e s e n t a t i v e w s e l e c t e d from v . Given t h e n - t u p l e o f 
r e a l numbers v = ( v ^ , v n ) and g i v e n t h e a l l o w a b l e sys tem o f l o c a l 
c o o r d i n a t e s a t x , ( f , U ) , t h e r e i s a t a n g e n t v e c t o r v wi th c o o r d i n a t e s 
v 1 , i = 1 , n , in t h e sys tem ( f , U ) . F o r l e t t h e f u n c t i o n s w 1 , 
i = 1 , n , be d e f i n e d by t h e e q u a t i o n s 
w ^ t ) = x o i + t v ^ , 
i = 1 , n , where | t | i s t a k e n so s m a l l t h a t w ( t ) l i e s in t h e open 
s e t f ( U ) . L e t w ( t ) = f ~ ^ " ( w ( t ) ) , and l e t v = v ( w ) . Then v i s t h e d e s i r e d 
t a n g e n t v e c t o r . 
The p r e c e d i n g d i s c u s s i o n e s t a b l i s h e s a o n e - t o - o n e c o r r e s p o n d e n c e 
between t r i p l e s ( v , f , U ) and t r i p l e s ( v , f , U ) where ( f , U ) i s an a l l o w a b l e 
sys tem o f l o c a l c o o r d i n a t e s a t x , v i s a t a n g e n t v e c t o r , and v i s an 
n - t u p l e . F u r t h e r , as v runs through a l l t a n g e n t v e c t o r s , t h e c o r r e s ­
ponding v runs through a l l n - t u p l e s . Th i s c o r r e s p o n d e n c e i s i n d i c a t e d by 
( v , f , U ) < > ( v , f , U ) . 
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L e t and be two t a n g e n t v e c t o r s a t the p o i n t X q. A d d i t i o n o f 
t h e s e two t a n g e n t v e c t o r s i s d e f i n e d by t h e e q u a t i o n 
(Def) v l + v 2 = v 
where 
( v x , f , U > » ( v l f f , U ) , 
( v 2 , f , U ) « » ( v 2 , f , U ) , 
and 
( v , f , U > »cz1 + Y . 2 > f > u ) • 
We need t o show t h a t t h e v e c t o r v i s de termined independent ly o f 
t h e a l l o w a b l e sys tem ( f , U ) . F o r t h i s purpose we s t a t e t h e r e l a t i o n 
between any t a n g e n t v e c t o r v and t h e c o r r e s p o n d i n g n - t u p l e i n v a r i o u s 
a l l o w a b l e sys tems o f c o o r d i n a t e s . 
L e t v be a t a n g e n t v e c t o r t o t h e m a n i f o l d X a t t h e p o i n t x . L e t 
( f , U ) and ( g , V ) be a l l o w a b l e l o c a l c o o r d i n a t e s a t x Q and 
( v , f , U ) « > ( v , f , U ) 
( v , g , V ) — < v , g , V ) 
as e x p l a i n e d in t h i s s u b s e c t i o n . Then t h e n - t u p l e s v and v a r e r e l a t e d 
by t h e e q u a t i o n s 
n ^ 
= A ( x o ) v k , i = 1, n, ( 1 ) 
k=l dx 
where 
x= g f 1 ( x ) , x Q = f ( x Q ) and Xq = g ( x Q ) . 
F o r a p r o o f o f t h i s r e l a t i o n s h i p s e e [ c B ; pp . 1 7 - 3 2 1 . 
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We apply e q u a t i o n s ( 1 ) t o show t h a t t h e d e f i n i t i o n o f t h e sum o f 
two t a n g e n t v e c t o r s i s independent o f t h e a l l o w a b l e sys tem o f l o c a l 
c o o r d i n a t e s u s e d . 
I f 
( v l s f , U ) " ( v r f , U ) , 
( v 2 , f , U ) < > ( v 2 , f , U ) , 
(v l Sg,V) « > ( v i , g , V ) , and 




where x = g f ^ ( x ) . C o n s e q u e n t l y , t h e d e f i n i t i o n o f t h e sum o f t h e 
t a n g e n t v e c t o r s v^ and a t t h e p o i n t Xq in X does n o t depend on which 
a l l o w a b l e sys tem o f l o c a l c o o r d i n a t e s i s u s e d . 
The s e t o f a l l t a n g e n t v e c t o r s a t t h e p o i n t Xq i s , t h e r e f o r e , a 
r e a l v e c t o r s p a c e . The dimension o f t h i s v e c t o r s p a c e e q u a l s t h e dimen­
s i o n o f t h e u n d e r l y i n g m a n i f o l d ( t h e dimension in both c a s e s i s n ) . 
This v e c t o r s p a c e i s c a l l e d t h e t a n g e n t s p a c e o f t h e m a n i f o l d X a t t h e 
p o i n t x Q . I t i s a l s o c a l l e d t h e s p a c e o f c o n t r a v a r i a n t v e c t o r s . 
2 . 2 . 4 . Tangent V e c t o r s o f P a r a m e t r i c Curves 
L e t w be a p a r a m e t r i c c u r v e which i s c o n t i n u o u s l y d i f f e r e n t i a b l e 
on t h e open i n t e r v a l ( a , b ) and whose r a n g e i s a s u b s e t o f t h e d i f f e r e n t i a -
b l e m a n i f o l d X o f c l a s s C^. Denote by w ( t ) t h e t a n g e n t v e c t o r t o t h e 
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p a r a m e t r i c c u r v e w a t t h e p o i n t w ( t ) . The f u n c t i o n w i s c a l l e d t h e 
" i n s t a n t a n e o u s " v e l o c i t y ( v e c t o r ) a long t h e c u r v e w. The v a l u e w ( t ) i s 
c a l l e d t h e v e l o c i t y v e c t o r o r t h e t a n g e n t v e c t o r t o t h e c u r v e w a t t h e 
t ime t . I t should be n o t e d t h a t i n g e n e r a l t h e t a n g e n t v e c t o r w ( t ) l i e s 
in d i f f e r e n t t a n g e n t s p a c e s f o r e a c h t ime t . A l l o f t h e s e t a n g e n t s p a c e s 
a r e i s o m o r p h i c £Hm; p . 15"j , so f o r p s y c h o l o g i c a l r e a s o n s we t h i n k o f 
w ( t ) a s be ing in t h e same t a n g e n t s p a c e o f a l l t . 
Le t t be a number in t h e open i n t e r v a l ( a , b ) ; l e t ( f , U ) be an 
a l l o w a b l e s y s t e m o f l o c a l c o o r d i n a t e s a t w ( t Q ) ; and l e t w ( t ) = f w ( t ) f o r 
t in an open i n t e r v a l about t Q . Then t h e c o o r d i n a t e s o f w ( t ) wi th r e s p e c t 
t o t h e c h a r t ( f , U ) f o r e a c h t in t h i s open i n t e r v a l about t a r e g i v e n by 
t h e n - t u p l e w ( t ) . S i n c e w i s c o n t i n u o u s l y d i f f e r e n t i a b l e , t h e c o o r d i n a t e s 
o f w a r e c o n t i n u o u s . C o n v e r s e l y , i f t h e c o o r d i n a t e s o f w a r e c o n t i n u o u s 
in an a l l o w a b l e sys tem o f c o o r d i n a t e s , then w i s c o n t i n u o u s l y d i f f e r e n t i a ­
b l e . 
We say t h a t t h e p a r a m e t r i c c u r v e w ( i n t h e m a n i f o l d X o f c l a s s C^) 
i s o f c l a s s C ^ ( a , b ) , q = 2 , p , i f t h e c o o r d i n a t e s o f w a r e c o n t i n u ­
o u s l y d i f f e r e n t i a b l e o f c l a s s C^~^ on ( a , b ) . F o r q = 1 t h e d e f i n i t i o n has 
been g i v e n ( s e e S u b s e c t i o n 2 . 2 . 2 ) . 
2 . 3 . C o v a r i a n t V e c t o r s ; T e n s o r s 
In t h i s s e c t i o n X w i l l d e n o t e an n - d i m e n s i o n a l d i f f e r e n t i a b l e 
m a n i f o l d wi th d i f f e r e n t i a b l e s t r u c t u r e o f c l a s s C*3 de f ined by t h e a t l a s 
{ ( f ^ j l L ) L e t T x d e n o t e t h e s p a c e o f t a n g e n t v e c t o r s a t t h e p o i n t 
~ o 
x i n X . 
o 
2 7 
2 . 3 . 1 . Dual S p a c e , C o v a r i a n t V e c t o r s and t h e i r C o o r d i n a t e s 
L e t v" be a r e a l - v a l u e d , l i n e a r f u n c t i o n ( f u n c t i o n a l ) wi th domain 
T . Denote by T' f t h e c o l l e c t i o n o f a l l such r e a l - v a l u e d , l i n e a r f u n c -
x J x 
o o 
* * * 
t i o n s . F o r v , and v in T and r e a l numbers r n and r , , d e f i n e 
* * *
2
 * ° - v i 
r i V l + r 2 V 2 b y ^ r i V l + r 2 v p ^ = r i v i ^ v ^ + r 2 V 2 ^ V ^ f o r a n y v i n T • 
x o 
Then T' f w i th t h i s d e f i n i t i o n of a d d i t i o n and s c a l a r m u l t i p l i c a t i o n i s a 
x o 
r e a l v e c t o r s p a c e . The s p a c e T i s c a l l e d t h e dual s p a c e t o t h e s p a c e 
x o 
T . The s p a c e T" i s a l s o c a l l e d t h e s p a c e o f c o v a r i a n t v e c t o r s a t x 
x o x o 0 
and t h e members o f T' a r e c a l l e d c o v a r i a n t v e c t o r s . The v e c t o r s p a c e 
x o 
T has dimension n , as we s h a l l s e e . We drop t h e s u b s c r i p t x . However, 
x o 0 
a l l o f our d i s c u s s i o n i s c e n t e r e d around t h e t a n g e n t s p a c e a t an a r b i ­
t r a r y but f i x e d p o i n t x Q i n t h e mani fo ld X. 
We i n t r o d u c e c o o r d i n a t e s f o r c o v a r i a n t v e c t o r s . Le t ( f , U ) be an 
a l l o w a b l e sys tem of l o c a l c o o r d i n a t e s a t t h e p o i n t x in X . L e t t h e 
o 
symbol 6 ^ , t h e Kronecker d e l t a , be de f ined by 
>i = I 1 i f i = J 
j k) i f i ^ j , i , j = 1 , . . . , n . 
L e t 6 ( j ) ( f o r i n t e g e r s j = 1 , . . . , n ) be t h e v e c t o r in T which i s de f ined 
by 
( 6 ( j ) , f , U ) . < 6 ( j ) , f f U ) 
where _ 6 ( j ) i s t h e n - t u p l e which has j t h e n t r y one and a l l o t h e r e n t r i e s 
z e r o . The v e c t o r s 6 ( 1 ) , 6 ( n ) form a b a s i s f o r T [ftn; p.io]. I f v 
i s a v e c t o r in T and i f ( v ^ U ) * - — - » ( v , f , U ) , then v = ) v J 6 ( j ) . 
Le t v * be a member o f T * . Then v * ( v ) = ) v J v * ( 6 ( j ) ) . 
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The v a l u e s o f v" on t h e b a s i s e l ements 6 ( 1 ) , 6 ( 2 ) , 6 ( n ) d e t e r m i n e 
•k * 
the v a l u e s o f v on T. Def ine t h e n r e a l numbers v . by 
J 
v ' f = v * ( 6 ( j ) ) , j = 1 , . . . , n . 
J 
•k 
The r e a l numbers v , j = 1 , n , a r e c a l l e d t h e c o o r d i n a t e s o f t h e 
c o v a r i a n t v e c t o r v * i n t h e sys tem ( f , U ) . Denote t h e n - t u p l e 
•k "k -k 
(v^ , v ) by v . As f o r t h e c a s e of c o n t r a v a r i a n t v e c t o r s , t h e r e i s 
a o n e - t o - o n e c o r r e s p o n d e n c e between t h e t r i p l e s (v , f , U ) and (v , f , U ) , 
where v i s a c o v a r i a n t v e c t o r ( a t X q ) , ( f , U ) i s an a l l o w a b l e sys tem o f 
l o c a l c o o r d i n a t e s ( a t x ) , and v , , v n , . . . . v a r e t h e c o o r d i n a t e s o f v 
in t h e sys tem ( f , U ) . Th i s c o r r e s p o n d e n c e w i l l be i n d i c a t e d by t h e 
grouping o f symbols 
( v * , f , U ) < > ( v * , f , U ) . 
I t i s an e v i d e n t consequence o f t h e d e f i n i t i o n s o f t h i s s e c t i o n 
t h a t i f a and b a r e r e a l numbers and i f ( v * , f , U ) < * ( v * , f , U ) and 
(w",f ,U)< * (w , f , U ) f o r c o v a r i a n t v e c t o r s v and w , then 
( a v / V + bw*, f ,U)< f ( a v * + b w * , f , U ) . 
I f ( v * , f , U ) < > ( v * , f , U ) and i f ( v * , g , V ) < > ( v * , g , V ) , then 
r * k 
where x = f g " ^ ( x ) . F o r a p r o o f o f e q u a t i o n ( 1 ) s e e |CB; p p . 1 7 - 3 2 ^ . 
2 . 3 . 2 . T e n s o r s ( o f Second O r d e r ) 
Le t X be a rea l -^valued f u n c t i o n on t h e p r o d u c t v e c t o r s p a c e 
T x T. I f t h e r e l a t i o n s 
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\(a1v1 + a 2 v 2 , w ) = a1\(v1,w) + a 2 X ( v 2 , w ) 
and 
X C w . a ^ + a 2 v 2 ) = a-j^  xCw.v^ + a 2 \ ( w , v 2 ) 
ho ld f o r a l l r e a l numbers a , and a„ and f o r a l l c o n t r a v a r i a n t v e c t o r s 
1 2 
v^ , v 2 and w, then X i s c a l l e d a b i l i n e a r f u n c t i o n ( f u n c t i o n a l ) on 
T x T. 
S i m i l a r l y , r e a l - v a l u e d , b i l i n e a r f u n c t i o n s on t h e p r o d u c t v e c t o r 
s p a c e s T x T", T* X T, and T* x T* may be d e f i n e d . The s e t o f r e a l -
v a l u e d b i l i n e a r f u n c t i o n s on any one o f t h e s e p r o d u c t v e c t o r s p a c e s 
wi th e v i d e n t d e f i n i t i o n s o f s c a l a r m u l t i p l i c a t i o n and a d d i t i o n forms an 
n^-d imens iona l r e a l v e c t o r s p a c e [Hm; pp. 3 6 - 3 7 ] . A b i l i n e a r f u n c t i o n on 
T x T" or T" x T i s c a l l e d a mixed t e n s o r o f second o r d e r . A b i l i n e a r 
f u n c t i o n on T' f x T* i s c a l l e d a c o n t r a v a r i a n t t e n s o r o f second o r d e r . A 
b i l i n e a r f u n c t i o n on T x T i s c a l l e d a c o v a r i a n t t e n s o r o f second o r d e r . 
Tensors o f h i g h e r o r d e r may be de f ined in an analogous f a s h i o n . 
2 . 3 . 3 . C o o r d i n a t e s f o r C o v a r i a n t T e n s o r s ( o f Second O r d e r ) 
We r e s t r i c t a t t e n t i o n t o c o v a r i a n t t e n s o r s ( o f second o r d e r ) . Le t 
( f , U ) be an a l l o w a b l e sys tem o f l o c a l c o o r d i n a t e s and l e t t h e c o n t r a ­
v a r i a n t v e c t o r 6 ( j ) f o r j = 1 , n be de f ined by 
as b e f o r e in S u b s e c t i o n 2 . 3 . 1 . Suppose f o r c o n t r a v a r i a n t v e c t o r s v and 
w 
( 6 ( j ) , f , U ) ( 6 ( j ) , f , U ) 
( v , f , U ) ( v , f , U ) 
and 
( w , f , U ) ( w , f , U ) ; 
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t h e n 
n n 
v = ) v J 6(j) and w = ) w J 6 ( j ) . 
I f X i s a c o v a r i a n t t e n s o r of second o r d e r , then 
n n 
X ( v , w ) = 7 7 A k x(6( j) , 6(k)). 
2 
Let t h e n r e a l numbers X ., be de f ined by X . , = X ( 6 ( j ) , 6 ( k ) ) f o r 
J K . J K 
i , k = 1 , 2 , . . . , n . Then 
» > • • » • n n 
The r e a l numbers Xj^» j , k = 1 , n , d e t e r m i n e t h e v a l u e s o f X f o r any 
p a i r o f c o n t r a v a r i a n t v e c t o r s v and w. These numbers a r e c a l l e d t h e 
c o o r d i n a t e s o f t h e c o v a r i a n t t e n s o r X ( o f second o r d e r ) in t h e sys tem 
( f , U ) . S y m b o l i c a l l y , t h e r e l a t i o n between t h e c o v a r i a n t t e n s o r X and 
i t s c o o r d i n a t e s X ^ j , i , j = 1 , . . . » n , i s denoted by 
a , f , u ) « — ' ( i , f , u ) 
where X_ i s t h e n by n m a t r i x whose e n t r y in t h e i t h column and j t h row 
i s X . . . 
Le t ( g , V ) be a second a l l o w a b l e sys tem o f l o c a l c o o r d i n a t e s 
( a t x Q ) . Suppose t h a t 
( X , g , V ) « ( X , g , V ) , 
( v , g , V ) « > ( v , g , V ) , 
( w , g , V ) < > ( w , g , V ) , 
and 
( 6 ( J ) , g , V ) « ' ( & ( J ) , g , V ) , j = 1 , n , 
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f o r t h e c o v a r i a n t t e n s o r X and the c o n t r a v a r i a n t v e c t o r s v ,w and 6 ( j ) . 
Denote t h e ( i , j ) e n t r y in the m a t r i x X_ by X.^ ( t h a t i s , X ( 6 (i), &( j))) • 
Then t h e e n t r i e s i n t h e c o o r d i n a t e m a t r i c e s X_ and X_ a r e r e l a t e d by t h e 
e q u a t i o n s 
n
 n n 
X 1 k = y Y ^ ( x ) ^ ( x ) X . r , i , j = 1, 2,
 n , ( 3 ) 
where x = f g _ 1 ( x ) ( s e e [ c B ; pp 1 7 - 3 2 ] ) . 
We n o t e t h e e v i d e n t f a c t t h a t i f X i s a c o v a r i a n t t e n s o r ( o f 
second o r d e r ) and i f v i s a f i x e d c o n t r a v a r i a n t v e c t o r , then t h e l i n e a r 
f u n c t i o n s o b t a i n e d by i n s e r t i n g v as t h e f i r s t o r as t h e second argument 
in X (denoted by X ( v , . ) o r X ( . , v ) , r e s p e c t i v e l y ) a r e c o v a r i a n t v e c t o r s . 
I f 
( X , f , U ) « »<L,f,u) 
and 
( v , f , U ) < > ( v , f , U ) , 
then 
( X ( v , . ) , f , U ) < > ( w , f , U ) , 
where 
V i 
w. = j X. . v , j = 1, . . . , n . 
2 . 3 . 4 . C o o r d i n a t e s o f C o n t r a v a r i a n t and Mixed T e n s o r s ( o f Second O r d e r ) 
S i n c e t h e d i s c u s s i o n c o n c e r n i n g mixed and c o n t r a v a r i a n t t e n s o r s 
( o f second o r d e r ) i s ana logous t o t h a t o f c o v a r i a n t t e n s o r ( o f second 
o r d e r ) , our a c c o u n t i s a b b r e v i a t e d . 
L e t ( f , U ) and (g ,u) be a l l o w a b l e sys tems o f l o c a l c o o r d i n a t e s . 
L e t 6 ( j ) and 6 ( j ) be c o v a r i a n t v e c t o r s such t h a t 
( 6 * ( j ) , f , U ) < »(6 ( j ) , f , U ) 
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and 
( ? * ( j ) , g , V ) > (6 ( j ) , g , V ) 
f o r j
 =
 1 , 2 , . . . , n , where 6_(j) i s t h e n - t u p l e wi th j t h e n t r y one and a l l 
o t h e r e n t r i e s z e r o . As b e f o r e l e t 6 ( j ) and 6 ( j ) be c o n t r a v a r i a n t v e c t o r s 
so t h a t ( 6 ( j ) , f , U > - ( 6 ( j ) , f , U ) and ( 6 ( j ) , g , V ) < ' ( £ ( j ) , g , V ) . 
S i n c e any s t a t e m e n t c o n c e r n i n g a mixed t e n s o r on T x T' has an 
obvious ana logue c o n c e r n i n g a mixed t e n s o r on T~ x T, we c o n f i n e our 
d i s c u s s i o n t o t h e former c a s e . Le t X be such a mixed t e n s o r ( o f second 
o r d e r ) . By methods s i m i l a r t o t h o s e o f S u b s e c t i o n 2 . 3 . 3 , we may a s s o c i a t e 
c o o r d i n a t e s w i t h t h e t e n s o r A. These c o o r d i n a t e s a r e de f ined by t h e 
e q u a t i o n s X^ = X (6 ( i ) , 6 A ( j ) ) , i , j = 1 , n, in t h e sys tem 
( f , U ) , and by t h e e q u a t i o n s X = X ( 6 ( i ) , 6 ( j ) ) , i , j = 1 , n , 
j 
in t h e sys tem ( g , V ) . The r e l a t i o n s between t h e mixed t e n s o r X and i t s 
c o o r d i n a t e s in e a c h o f t h e systems ( f , U ) and ( g , V ) a r e denoted by 
(X ,f ,U)< > (X , f ,U) 
and 
( X , g , V ) « — (X , g , V ) , 
where X and \ a r e n by n m a t r i c e s wi th ( i , j ) e n t r i e s X and X 
~ j j 
r e s p e c t i v e l y . 
The c o o r d i n a t e s o f t h e mixed t e n s o r X in t h e systems ( f , U ) and 
( g , V ) a r e r e l a t e d by t h e e q u a t i o n s 
n n 
^ =1 1 <io> ^ A > i.J •x>2> n ' w 
J
 q^l r = l ^x1 B x J 
where x = fg'l& ( s e e [ C B ; pp 1 7 - 3 2 ] ) . 
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L e t X denote a c o n t r a v a r i a n t t e n s o r o f second o r d e r . C o o r d i n a t e s 
may be a s s o c i a t e d wi th X by methods s i m i l a r t o t h o s e d i s c u s s e d in t h e 
p r e c e d i n g s u b s e c t i o n s . The r e l a t i o n s between t h e c o n t r a v a r i a n t t e n s o r 
X and i t s c o o r d i n a t e s in t h e sys tems ( f , U ) and ( g , V ) a r e denoted by 
( X , f , U ) - >(X, f ,U) 
and 
a , g , v ) - — - < £ , g , v ) , 
where _X and A. a r e n by n m a t r i c e s wi th ( i , j ) e n t r i e s X 1 ! and A.iJ 
r e s p e c t i v e l y . These c o o r d i n a t e s a r e r e l a t e d by t h e e q u a t i o n s 
^"L I ^ 0EO> 4 (2 0 ) i- J - 1 , . . . , n , (5) 
q = l r ^ l 
where x = g f ^ ( x ) . 
C o v a r i a n t , c o n t r a v a r i a n t and mixed t e n s o r s o f o r d e r g r e a t e r than 
two and t h e c o o r d i n a t e s o f such t e n s o r s may be de f ined in a f a s h i o n 
s i m i l a r t o t h e p r e c e d i n g . R e l a t i o n s may be e s t a b l i s h e d between c o o r d i ­
n a t e s o f t h e s e t e n s o r s which a r e ana logues o f e q u a t i o n s ( 3 ) , (4), and (5)^  
F o r a d i s c u s s i o n o f t e n s o r s s ee [CB; pp. 3 0 - 3 2 ] . We s h a l l have no use 
in t h i s work f o r such t e n s o r s . 
2 . 4 . Riemann Mani fo lds 
To f a c i l i t a t e our d e f i n i t i o n and d i s c u s s i o n o f Riemann m a n i f o l d s , 
we i n t r o d u c e a d d i t i o n a l c o n c e p t s from t o p o l o g y . 
L e t A be a s u b s e t o f t h e t o p o l o g i c a l s p a c e X. L e t A be a s e t , and 
suppose t h a t t o each e lement t in A t h e r e c o r r e s p o n d s a s u b s e t GFC o f X. 
Suppose t h a t AC G ; then t h e c o l l e c t i o n (GJ teA^ i s a c o v e r o r A. 
I f each s e t G i s open, t h e c o v e r i s s a i d t o be an open c o v e r . We say 
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t h a t t h e s e t A i s compact i f e v e r y open c o v e r o f A has a f i n i t e sub-
c o l l e c t i o n which i s a l s o a c o v e r o f A. 
We assume t h a t X i s a Hausdorf f s p a c e wi th a c o u n t a b l e b a s e j t h e 
fo l l owing p r o p o s i t i o n s a r e wel l -known: 
1 . e v e r y sequence o f p o i n t s i n a compact s e t has a sub­
sequence which c o n v e r g e s t o a p o i n t o f t h e s e t ; 
2 . c o n v e r s e l y , i f e v e r y sequence o f p o i n t s i n t h e s e t 
A has a subsequence which c o n v e r g e s t o a p o i n t o f 
A, then A i s c o m p a c t ; 
3 . i f A i s compact and i f f i s a c o n t i n u o u s f u n c t i o n 
wi th domain A, then t h e range f ( A ) i s compact ; 
4 . t h e c l o s e d i n t e r v a l o f r e a l numbers [a,b] i s a compact 
s u b s e t o f t h e r e a l l i n e in t h e u s u a l t o p o l o g y . 
F o r p r o o f s o f P r o p o s i t i o n s One, Two and T h r e e , s ee ^Pj , T e i l I ; 
pp. 8 3 - 9 0J ; f o r a p r o o f o f P r o p o s i t i o n Four s e e |A; p . 5 3J. 
2 . 4 . 1 . C o n t i n u i t y o f V e c t o r - and Tensor -Va lued F u n c t i o n s 
Le t X be a f u n c t i o n whose domain i s t h e d i f f e r e n t i a b l e mani fo ld X. 
Suppose t h a t X(x) i s a c o n t r a v a r i a n t v e c t o r a t x f o r each p o i n t x o f t h e 
mani fo ld X. We i n t r o d u c e an a l l o w a b l e c h a r t ( f , U ) in a ne ighborhood o f 
t h e p o i n t X q. Def ine t h e f u n c t i o n X w i th domain U and r a n g e a subse t o f 
E u c l i d e a n n - s p a c e by 
(\(x),f,U> > (X(x),f ,U) 
( s e e S u b s e c t i o n 2 . 2 . 3 ) . 
Suppose t h a t t h e man i fo ld X i s o f c l a s s C^ (C^ f o r i n t e g e r p g r e a t e r 
than o n e ) . We say t h a t X i s c o n t i n u o u s ( o f c l a s s C^ f o r q = 1 , p - 1 ) 
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a t x 0 i f t h e f u n c t i o n ^ i s c o n t i n u o u s ( o f c l a s s C 4 ) on U f o r some 
a l l o w a b l e c h a r t ( f , U ) a t X q. I f t h e f u n c t i o n X i s c o n t i n u o u s ( o f 
c l a s s C*l) a t each p o i n t o f t h e mani fo ld X , then we say t h a t X i s c o n ­
t i n u o u s on X ( o f c l a s s on X - C l ( X ) ) . 
The r e g u l a r i t y p r o p e r t i e s o f f u n c t i o n s whose v a l u e s a r e c o v a r i a n t 
v e c t o r s o r x^hose v a l u e s a r e t e n s o r s ( o f second o r d e r ) may be def ined in 
f a s h i o n s ana logous t o t h a t j u s t g iven f o r c o n t r a v a r i a n t v e c t o r - v a l u e d 
f u n c t i o n s . We omit t h e p r e c i s e f o r m u l a t i o n o f t h e s e c o n c e p t s . 
2 . 4 . 2 . Fundamental Form; D e f i n i t i o n of Riemann Mani fo ld 
In C h a p t e r One we have argued t h a t W h i t t a k e r ' s theorem may be 
c o n s i d e r e d as a problem o f Riemann g e o m e t r y . C h a p t e r Two i s in t ended t o 
make t h i s argument more p r e c i s e . One s t e p i n t h e l i n k between Riemann 
geometry and W h i t t a k e r ' s theorem i s t h e c o n c e p t o f t h e Riemann m a n i f o l d . 
F o r some p o s i t i v e i n t e g e r p l e t X be a d i f f e r e n t i a b l e m a n i f o l d o f 
c l a s s CP. Suppose t h a t f o r each p o i n t x t h e r e i s de f ined a s y m m e t r i c , 
p o s i t i v e , c o v a r i a n t t e n s o r X(x). That i s , f o r a l l t a n g e n t v e c t o r s v and 
w which d i f f e r from z e r o 
X ( x ) ( v , w ) = X ( x ) ( w , v ) 
and 
H x ) ( v , v ) > 0 . 
I f t h e f u n c t i o n X i s c o n t i n u o u s , then t h e s e t X wi th t h i s f u n c t i o n i s 
c a l l e d a Riemann m a n i f o l d ; t h e f u n c t i o n X i s c a l l e d t h e fundamental 
form of t h e m a n i f o l d . We say t h a t t h e Riemann mani fo ld X i s c o n t i n u o u s 
( o f c l a s s C^) i f i t s fundamental form i s c o n t i n u o u s ( o f c l a s s C ^ ) . 
1 n 
I f t h e c o n t r a v a r i a n t v e c t o r s v and w have c o o r d i n a t e s v , . . . , v 
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1_ Tl 
and w , w , r e s p e c t i v e l y , and i f \(x) has c o o r d i n a t e s X ^ j ( x ) , 
i> j * 1> 2 > • • • > n > then n 
X ( x ) ( v , w ) = ^ \ . . (x)vV . 
S i n c e X ( x ) ( v , w ) = X ( x ) ( w , v ) f o r a r b i t r a r y c o n t r a v a r i a n t v e c t o r s v and w, 
t h e c o o r d i n a t e s o f X s a t i s f y t h e r e l a t i o n s 
X ( x ) = X. , ( x ) 
1 J H 
f o r a l l x i n X. At each p o i n t x in t h e Riemann m a n i f o l d X, t h e symmetr ic 
q u a d r a t i c form 
> X. ( x ) v V 
±,1-1 1 J 
i s p o s i t i v e d e f i n i t e . From l i n e a r a l g e b r a we know t h a t t h e r e i s a m a t r i x 
which i s i n v e r s e t o t h e m a t r i x A_(x) = ( X ^ ( x ) ) . Denote t h i s i n v e r s e 
m a t r i x by X ( x ) = ( X i ^ ( x ) ) . Then 
"" n n 
f o r i , k = 1 , n and a l l x in X. I t i s easy t o show t h e e x i s t e n c e o f 
a c o n t r a v a r i a n t t e n s o r f u n c t i o n o f second o r d e r , denoted by \ , such t h a t 
( X ( x ) , f , U > - > ( X ( x ) , f , U ) , 
where ^X(x) i s t h e n by n m a t r i x ( \ 1 " ' ( x ) ) . The c o n t r a v a r i a n t t e n s o r X i s 
c o n t i n u o u s ( o f c l a s s C^) i f X i s c o n t i n u o u s ( o f c l a s s C ^ ) . 
2 . 4 . 3 . Length o f a P a r a m e t r i c Curve 
L e t x be a p a r a m e t r i c c u r v e o f c l a s s C^ on t h e c l o s e d i n t e r v a l 
£ a , b j . S i n c e X ( x ( t ) ) ( x ( t ) , x ( t ) ) i s a n o n - n e g a t i v e r e a l number f o r each 
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t in [ a , b j , i t i s meaningfu l t o d e f i n e t h e l e n g t h o f x by t h e e q u a t i o n 
(Def)
 fb r _ _ 7 _ ^ ^ _ _ T _ ^ _ _ ^ T 
L ( x ) = J V X ( x ( t ) ) ( x ( t ) , x ( t ) ) dt 
.b ' n 
=
 f J 1 ^ i 1 ( x ( t ) ) x i ( t ) x J ( t ) d t , 
" a i , j = l 
f 
where denote s t h e Riemann i n t e g r a l o v e r t h e i n t e r v a l j a , b and where 
X^j and x ^ i j j = 1 , n , a r e c o o r d i n a t e s o f t h e fundamental t e n s o r 
X ( x ) and t h e t a n g e n t v e c t o r x r e s p e c t i v e l y . The r e a l number L ( x ) i s 
c a l l e d t h e l e n g t h o f t h e p a r a m e t r i c c u r v e x . Def ine t h e f u n c t i o n s by 
(Def) 
( T ) = f V l X
 i . ( x ( t ) ) x i ( t ) x J ( t ) d t 
a i , j = l 
f o r each r e a l number T in ( a , b j and 
(Def) s ( a ) = 0 . 
Then s i s a c o n t i n u o u s r e a l - v a l u e d f u n c t i o n which i s n o n - d e c r e a s i n g on 
t h e i n t e r v a l [a,bj . I f t h e f u n c t i o n s i s s t r i c t l y i n c r e a s i n g on f a , b j , 
then t h e p a r a m e t r i c c u r v e x i s s a i d t o be nowhere c o n s t a n t . 
In our a c c o u n t a c a r e f u l d i s t i n c t i o n has been made between a 
t e n s o r o r v e c t o r and i t s c o o r d i n a t e s wi th r e s p e c t t o an a l l o w a b l e c h a r t . 
Th i s d i s t i n c t i o n has r e s u l t e d , n e c e s s a r i l y , in c o m p l i c a t e d w r i t i n g . To 
s i m p l i f y our n o t a t i o n , we no l o n g e r d i s t i n g u i s h in our w r i t i n g between 
t h e s e c o n c e p t s when no c o n f u s i o n should a r i s e . 
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2 . 4 . 4 . Curves o f Minimal L e n g t h ; Geodes ies 
Le t X be a Riemann mani fo ld o f c l a s s C^, q ^ 2 ( t h e d i f f e r e n t i a b l e 
mani fo ld X i s o f c l a s s a t l e a s t C^ + ^ ) . Let x be a nowhere c o n s t a n t 
p a r a m e t r i c c u r v e o f c l a s s C^ on t h e c l o s e d i n t e r v a l [ a , b j • Suppose 
t h a t t h e c u r v e x s a t i s f i e s t h e boundary c o n d i t i o n s 
and 
x ( a ) = x 
x ( b ) = x . 
I f t h e r e i s no c u r v e j o i n i n g t h e p o i n t s 8 and x which i s o f 
c l a s s C^ on [ a , b ] and which has l e n g t h l e s s t h a n t h e c u r v e x , then we 
say t h a t x i s a minimal c u r v e . The e x i s t e n c e o f a p a r a m e t r i c c u r v e 
between two f i x e d p o i n t s which minimizes l e n g t h i s a problem in t h e 
c a l c u l u s o f v a r i a t i o n s . A n e c e s s a r y c o n d i t i o n f o r t h e e x i s t e n c e o f such 
a c u r v e i s t h a t a c e r t a i n sys tem o f o r d i n a r y d i f f e r e n t i a l e q u a t i o n s be 
s a t i s f i e d . 
In o r d e r t o s t a t e t h i s r e s u l t p r e c i s e l y , we i n t r o d u c e some n o t a ­
t i o n . L e t f denote a r e a l - v a l u e d f u n c t i o n with domain t h e open s u b s e t 
o f E u c l i d e a n (2n + 1 ) s p a c e 
{ ( t , x , w ) - ro< t < ro , ( x ,w)eU } . 
Suppose t h a t t h e f u n c t i o n f has co nt i nuo us p a r t i a l d e r i v a t i v e s . We denote 
t h e p a r t i a l d e r i v a t i v e — r by f . , and t h e p a r t i a l d e r i v a t i v e — r by 
f j ^ f o r each i n t e g e r i
 =
 1 , n . A f u n c t i o n x o f t h e r e a l p a r a m e t e r 
t w i l l be c a l l e d a d m i s s i b l e i f i t has t h e fo l lowing p r o p e r t i e s : 
1 . x i s d e f i n e d , c o n t i n u o u s and has a c o n t i n u o u s d e r i v a t i v e 
on t h e i n t e r v a l [a ,b] , 
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2 . x ( a ) = x and x ( b ) = x f o r f i x e d n - t u p l e s 
x and x , and 
3 . ( x ( t ) , x ( t ) ) be longs t o t h e open s e t U f o r each t ime 
t in t h e i n t e r v a l [ a , b j . 
Lemma ( E u l e r , L a g r a n g e ) . I f , f o r t h e f i x e d a d m i s s i b l e f u n c t i o n 
x , t h e i n e q u a l i t y 
rb Jo 
J f ( t , x ( t ) , x ( t ) ) dt f ( t , z ( t ) , S ( t ) ) dt 
a a 
i s s a t i s f i e d f o r an a r b i t r a r y a d m i s s i b l e f u n c t i o n jz, then t h e f u n c t i o n 
x s a t i s f i e s t h e sys tem o f o r d i n a r y d i f f e r e n t i a l e q u a t i o n s ( E u l e r ' s 
e q u a t i o n s ) 
f
i | (tjX'i) ~ ^ f\±(t>£>Z) « 0 , i = 1 , n . 
B e f o r e a p p l y i n g t h e E u l e r - L a g r a n g e lemma t o t h e problem of 
minimiz ing l e n g t h , we p a r a m e t e r i z e t h e minimiz ing f u n c t i o n in terms of 
l e n g t h o f a r c . L e t T ( s ) denote t h e i n v e r s e f u n c t i o n t o t h e s t r i c t l y 
i n c r e a s i n g l e n g t h - o f - a r c f u n c t i o n s(t) de f ined by 
S(T)=J X i J ( X ( t ) ) x i ( t ) x J ( t ) d t . 
a i,j=l 
Let t h e p a r a m e t r i c c u r v e y be de f ined by y ( s ) = x ( T ( s ) ) f o r each 
r e a l number s in t h e i n t e r v a l [o,L(x)j . Then y i s o f c l a s s C^ " on 
[o,L(x)J and i s a nowhere c o n s t a n t c u r v e o f minimal l e n g t h which j o i n s 
x t o x . F u r t h e r m o r e , t h e c u r v e y s a t i s f i e s t h e c o n d i t i o n 
£ x 1 1 ( y ( s ) ) y 1 ( s ) y J ( s ) = l , 
i,T=i 1 0 
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where y 1 denotes t h e d e r i v a t i v e of y*" wi th r e s p e c t t o i t s p a r a m e t e r . 
By means o f t h e E u l e r - L a g r a n g e lemma, we may c o n c l u d e t h a t t h e 
c u r v e y i s o f c l a s s C 2 on [ o , L ( x ) ] and t h a t i t y i e l d s a s o l u t i o n t o t h e 




i = 1, . . . , n, ( 1 ) 
(Def) 
r j * , r ( y ) = * 
bX ZX kr 
^ k 





f o r i , j , k, r = 1 , 2 , n . The symbols i and i a r e c a l l e d t h e 
j k , r j k 
C h r i s t o f f e l symbols o f t h e f i r s t and second kind r e s p e c t i v e l y . D e s p i t e 
t h e s u g g e s t i v e n o t a t i o n , t h e C h r i s t o f f e l symbols do not y i e l d t h e 
c o o r d i n a t e s o f a t e n s o r . 
S i n c e pL(x ) £ 
L ( y ) = J ' V. ^i^HsJJyV ds 
n 
X i.(x(t))i 1x J dt = L ( x ) , 
a n e c e s s a r y c o n d i t i o n f o r a nowhere c o n s t a n t , a d m i s s i b l e p a r a m e t r i c c u r v e 
x t o have minimal l e n g t h i s t h a t t h e c o o r d i n a t e s o f t h e c o r r e s p o n d i n g 
p a r a m e t r i c c u r v e y ( s ) s a t i s f y e q u a t i o n ( 1 ) . Any c u r v e y ( s ) wi th p a r a m e t e r 
s de f ined as above i s s a i d t o be p a r a m e t e r i z e d with r e s p e c t t o l e n g t h o f 
a r c . 
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We have seen t h a t i f t h e minimal c u r v e y j o i n s two f i x e d p o i n t s 
and i f i t has l e n g t h o f a r c as a p a r a m e t e r , then t h e c o o r d i n a t e s o f y 
n e c e s s a r i l y s a t i s f y e q u a t i o n s ( 1 ) a b o v e . This n e c e s s a r y c o n d i t i o n 
s t a t e d above i s no t a s u f f i c i e n t c o n d i t i o n ( f o r example — segments o f 
g r e a t c i r c l e s on a u n i t s p h e r e hav ing l e n g t h e x c e e d i n g TT). A p a r a m e t r i c 
c u r v e whose c o o r d i n a t e s s a t i s f y e q u a t i o n s ( 1 ) i s c a l l e d a g e o d e s i c c u r v e . 
We a r r i v e d a t e q u a t i o n ( 1 ) by r e q u i r i n g y ( s ) t o be p a r a m e t e r i z e d 
wi th r e s p e c t t o l e n g t h o f a r c . However, a g e o d e s i c c u r v e need not have 
l e n g t h o f a r c as a p a r a m e t e r . F o r example i f y ( s ) i s a g e o d e s i c c u r v e , 
then so i s w ( t ) where w ( t ) = y ( c t ) and c i s any r e a l number. 
In any c a s e a n o n - c o n s t a n t g e o d e s i c c u r v e y ( t ) has t h e p r o p e r t y 
t h a t 
n 
f o r some r e a l c o n s t a n t K ^ 0 . This f a c t may be e s t a b l i s h e d by d i f f e r e n ­
t i a t i n g t h e l e f t hand s i d e o f t h i s e q u a t i p n wi th r e s p e c t t o t and us ing 
e q u a t i o n ( 1 ) t o show t h a t t h e d e r i v a t i v e i s i d e n t i c a l l y z e r o . I f K 
e q u a l s o n e , then t i n a b s o l u t e v a l u e i s l e n g t h o f a r c . 
The c o n c e p t o f g e o d e s i c c u r v e a r o s e by seek ing a c u r v e o f l e a s t 
l e n g t h between two p o i n t s . Such a c u r v e must be a g e o d e s i c . However, 
as n o t e d in t h i s s u b s e c t i o n , a g e o d e s i c c u r v e need not have minimal 
l e n g t h between i t s e n d p o i n t s . In o r d e r t o e s t a b l i s h s u f f i c i e n t c o n d i t i o n s 
f o r a c u r v e t o have l e a s t l e n g t h , we i n v e s t i g a t e g e o d e s i e s . 
2 . 4 . 5 . Fundamental E x i s t e n c e and Uniqueness Theorem f o r S o l u t i o n s o f 
Ord inary D i f f e r e n t i a l E q u a t i o n s 
S i n c e g e o d e s i c c u r v e s a r e de f ined by t h e o r d i n a r y d i f f e r e n t i a l 
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e q u a t i o n s ( 1 ) o f S u b s e c t i o n 2 . 4 . 4 and s i n c e our m e c h a n i c a l problem g i v e s 
r i s e t o o r d i n a r y d i f f e r e n t i a l e q u a t i o n s , we p r e s e n t b a s i c r e s u l t s c o n ­
c e r n i n g such e q u a t i o n s and t h e i r s o l u t i o n s . E q u a t i o n s ( 1 ) o f S e c t i o n 
2 . 4 . 4 may be w r i t t e n as 
d Z 1 = v 1 
dt 
n 
d v V i / x j k 
at" =: i, r j k ( y ) v • ,
 ( 2 1 ) 
k j J - J -
i = 1 , n . Le t w denote t h e 2 n - t u p l e de f ined by 
y 1 , i = 1 , n , 
w = < 
\ v 1 " 1 1 , i = n + 1 , 2 n . 
L e t F be t h e 2 n - t u p l e v a l u e d f u n c t i o n which i s de f ined by 
, v 1 , i = 1 , . . . , n , 
F x ( w ) = } £ 
-
 (
 ^ , i — n / \ j k 
T t , ( y ) v J v % i = n + 1, 2n. 
j | k = : 
With t h e s e c o n v e n t i o n s , e q u a t i o n s ( 2 1 ) t a k e t h e s i m p l i f i e d form o f 
w = F ( w ) . ( 2 " ) 
As i s w e l l known from t h e t h e o r y o f o r d i n a r y d i f f e r e n t i a l e q u a t i o n s , 
we have t h e f o l l o w i n g : 
Lemma 1 . L e t F ( w ) be a c o n t i n u o u s f u n c t i o n wi th domain E m 
( E u c l i d e a n m - s p a c e ) and r a n g e a s u b s e t o f E m . Le t w be a p o i n t o f E™ 
and b be a p o s i t i v e r e a l number. Denote by S ( w , b ) t h e s e t 
w^| Iw1 - w3"! < b , i = 1 , 2 , m 
L e t t h e p o s i t i v e number A be s e l e c t e d so t h a t | F 1 ( W ) | - A , i - 1 , 2 , m 
f o r a l l w in S(w,b). Suppose t h a t F s a t i s f i e s a L i p s c h i t z c o n d i t i o n on 
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S ( w , b ) ; i . e . , t h e r e i s a p o s i t i v e number M so t h a t 
m 
1 ' 2 \ ' 1 • 2 
I F 1 ^ ) - F 1 ^ ) ! = M / |wJ - wJ | , ( 3 ) 
1 2 o 
i = 1 , . . . , m, f o r a l l p o i n t s w and w in S ( w , b ) . Then t h e r e e x i s t s 
e x a c t l y one c o n t i n u o u s l y d i f f e r e n t i a b l e f u n c t i o n 0 ( t ) , de f ined f o r t h o s e 
r e a l t w i th | t | < b /A , so t h a t 
0 ( t ) - F ( 0 ( t ) ) 
and so t h a t 
0 ( 0 ) = & . 
The f u n c t i o n 0 i s c a l l e d t h e s o l u t i o n t o t h e d i f f e r e n t i a l e q u a t i o n 
w = F ( w ) ( 4 a ) 
which s a t i s f i e s t h e i n i t i a l c o n d i t i o n 
w ( 0 ) = w . ( 4 b ) 
With e v i d e n t s i g n i f i c a n c e , we w r i t e t h i s f u n c t i o n as 0 ( t , w ) . 
S i n c e , f o r each p o i n t w in S ( w , b / 2 ) , t h e i n e q u a l i t y ^ ^ ( w ) ! - A 
h o l d s f o r a l l p o i n t s w in S ( w , b / 2 ) and s i n c e F s a t i s f i e s t h e same 
L i p s c h i t z c o n d i t i o n on S ( w , b / 2 ) , t h e f u n c t i o n .0 ( t ,w) i s de f ined f o r a l l 
| t | < %(b /A) . This argument shows t h a t t h e s o l u t i o n 0 ( t , w ) i s de f ined 
f o r a l l t ime t in an open i n t e r v a l ( - T , T ) and a l l w in some n e i g h b o r ­
hood o f w. 
L e t 9 be a r e a l number between z e r o and one . F o r | t | < 9 b / A , 
o o 
t h e s o l u t i o n f u n c t i o n 0 ( t , w ) i s un i formly c o n t i n u o u s in w. That i s , f o r 
any p o s i t i v e number e , t h e r e i s a p o s i t i v e number 6 so t h a t t h e 
4 4 
i n e q u a l i t i e s - < 6 , i = 1 , m, imply t h a t 
| 0 1 ( t , w ) - 0 1 ( t , w ) | <
 e , i = 1 , m. 
d)ther r e g u l a r i t y p r o p e r t i e s o f t h e s o l u t i o n f u n c t i o n Jfl(t,w) a r e 
c o n t a i n e d in t h e 
\ k m 
lemma 2 . I f F i s o f c l a s s C on E , where k i s a p o s i t i v e i n t e g e r , 
k o 
then t h e s o l u t i o n f u n c t i o n $ i s o f c l a s s C in t and w. 
The p r o o f s o f t h e s e lemmas a r e wide ly a v a i l a b l e in t h e l i t e r a t u r e . 
F o r an e l e m e n t a r y and r e a d a b l e a c c o u n t , s e e [BR; pp. 1 4 8 - 1 7 6 ] ; f o r a more 
modern t r e a t m e n t , s e e [H; pp. 1 2 - 2 4 J . 
Applyiiag t h e s e lemmas t o t h e d e f i n i n g e q u a t i o n s ( 1 ) o f g e o d e s i c 
c u r v e s , we have t h e 
Lemma 3 . L e t X be a Riemann mani fo ld of c l a s s C^, q — 2 ; i . e . , 
t h e c o o r d i n a t e s o f t h e fundamental form a r e o f c l a s s in t h e d i f f e r e n -
t i a b l e m a n i f o l d o f c l a s s a t l e a s t + 1 . Le t x* be any p o i n t o f X and v 
be any t a n g e n t v e c t o r a t x . Then t h e r e i s e x a c t l y one g e o d e s i c 0 ( t , x , v ) 
such t h a t 0 ( 0 , x , v ) = x and $ ( 0 , x , v ) = # . The f u n c t i o n 0 i s o f c l a s s C4" 
^ ° , o in t , x , and v. 
we d e s c r i b e d consequences o f t h e h y p o t h e s e s o f t h i s theorem in terms of 
c o n v e x i t y o f a r i n g - s h a p e d r e g i o n . To do s o , we r e q u i r e d t h e r e s u l t t h a t 
any two n e i g h b o r i n g p o i n t s c o u l d be j o i n e d by a g e o d e s i c . F o r c o m p l e t e ­
n e s s , we g i v e t h e arguments f o r t h i s r e s u l t . 
2 . 5 . Geodes ies 
In our i n t u i t i v e d i s c u s s i o n o f W h i t t a k e r ' s theorem in S e c t i o n 1 . 3 
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2 . 5 . 1 . Main Lemma Concerning Geodes ies 
In t h e p r e v i o u s s e c t i o n s u f f i c i e n t c o n d i t i o n s were g iven f o r t h e 
e x i s t e n c e and uniqueness o f a g e o d e s i c emanating from a g iven p o i n t o f a 
Riemann mani fo ld and having a g iven d i r e c t i o n a t t h a t p o i n t . Throughout 
t h i s s e c t i o n , we assume t h e s e s u f f i c i e n t c o n d i t i o n s a r e s a t i s f i e d ; t h a t 
2 
i s , we denote by X a Riemann mani fo ld o f c l a s s C . 
This s e c t i o n i s devoted t o prov ing t h e n e x t lemma. The a b s t r a c ­
t i o n s o f Chapter Three a r e based on t h i s lemma. 
Lemma. Each p o i n t c o f X has a ne ighborhood U wi th t h e p r o p e r t y 
t h a t any two p o i n t s o f U can be j o i n e d by a smooth c u r v e o f l e n g t h not 
e x c e e d i n g t h a t o f any o t h e r smooth c u r v e j o i n i n g t h e same two p o i n t s . 
The d i s c u s s i o n o f t h e p r e v i o u s s e c t i o n assumes t h e e x i s t e n c e o f 
minimal c u r v e s and c o n c l u d e s t h a t t h e c o o r d i n a t e s o f such c u r v e s y i e l d 
s o l u t i o n s t o c e r t a i n o r d i n a r y d i f f e r e n t i a l e q u a t i o n s . S o l u t i o n s t o t h e s e 
o r d i n a r y d i f f e r e n t i a l e q u a t i o n s were shown t o e x i s t ( l o c a l l y ) and were 
c a l l e d g e o d e s i e s . An example was g iven t o show t h a t g e o d e s i e s need not 
minimize l e n g t h . The lemma of t h i s s u b s e c t i o n shows t h a t in f a c t m i n i ­
miz ing c u r v e s e x i s t ( l o c a l l y ) . 
Our p r o o f i s based on arguments g iven in [KN; pp . 1 4 9 - 1 5 1 and 
1 6 6 - 1 6 7 ] and in [st; pp. 3 0 7 - 3 1 l ] ; t h e l a t t e r r e f e r e n c e i s more r e a d a b l e . 
As b e f o r e l e t 0 ( t , x , v ) denote t h e g e o d e s i c p a s s i n g through x in t h e 
d i r e c t i o n v . In c o o r d i n a t e s a t x we w r i t e j 9 ( t , x , y _ ) . The p r o o f comes as 
a sequence o f lemmas, which a r e i n t e r e s t i n g i f taken by t h e m s e l v e s . 
2 . 5 . 2 . Riemann Normal C o o r d i n a t e s 
We suppose t h a t an a l l o w a b l e sys tem of l o c a l c o o r d i n a t e s ( f , U ) i s 
g iven i n X and t h a t f ( U ) i s a l l o f E n . With our g e n e r a l a s s u m p t i o n s , i t 
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fo l l ows t h a t t h e f u n c t i o n ^ ( t , x , v ) ( g e o d e s i c through t h e p o i n t x with 
d e r i v a t i v e v a t t = 0 ) i s de f ined f o r a l l t ime t with | t [ " ^ T Q ^ v ) . The 
r e a l number T ( x , v ) depends on t h e p o i n t s x and v — we may assume t h a t 
T ( x , v ) = b/A where t h e numbers b and A a r e de f ined in Lemma 1 o f Sub­
s e c t i o n 2 . 4 . 5 . 
Let x be g iven and denote by T Q t h e number T ( x , f J ) de f ined above 
so t h a t t h e f u n c t i o n 0 ) ( t , x , f J ) i s def ined f o r j t | < T q ( a c t u a l l y t h i s 
f u n c t i o n i s de f ined f o r a l l t ime t in t h i s c a s e ) . But f o r | x 1 - x 1 ] < b / 2 
and f o r | v 1 ) < b / 2 , i t f o l l ows t h a t the f u n c t i o n ^ ( t , x , v ) i s de f ined when­
e v e r | t | < T Q / 2 . 
L e t 3 denote a r e a l number t h a t d i f f e r s from z e r o . The f u n c t i o n 
Y ( t ) = 0(3 t , x , v ) i s de f ined f o r a l l t ime t with [ t | < T Q /2|3|, i f x 
and v s a t i s f y t h e i n e q u a l i t i e s s t a t e d above . F u r t h e r , t h e f u n c t i o n Y ( t ) 
i s a g e o d e s i c ( i s a s o l u t i o n t o e q u a t i o n ( 1 ) o f 2 . 4 . 4 ) and s a t i s f i e s t h e 
i n i t i a l c o n d i t i o n s 
1 ( 0 ) = x , 
and 
1(0) = Pv. 
By t h e uniqueness o f such a s o l u t i o n we have 
Y ( t ) = 0(3t,x,v) = 0(t,x,3v). 
I f t h e number 3 i s s e l e c t e d so t h a t | 3 | < T q / 2 , then ^(l,x,y_3) i s de f ined 
f o r a l l n - t u p l e s x and v wi th 
| x 1 - S1! < b / 2 
and 
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I v 1^ y>|P| . 
The f u n c t i o n 0^  i s used t o i n t r o d u c e a s p e c i a l sys tem of c o o r d i n a t e s 
c a l l e d Riemann Normal C o o r d i n a t e s ( s e e [CB; pp. 1 1 4 - 1 1 6 ] , [ P y ; pp. 291-
2 9 3 L [Pj , T e i l 2; p p . 6 5 - 6 8 ) , or [ s t ; pp. 3 0 7 - 3 0 9 ] ) . 
Lemma 1 . F o r any f i x e d n - t u p l e x , t h e e q u a t i o n = 0 ( 1 , x , v ) 
d e f i n e s a t o p o l o g i c a l mapping between a neighborhood o f v : 0 and a 
ne ighborhood of x = x . 
P r o o f . I t s u f f i c e s t o show t h a t the J a c o b i a n d e t e r m i n a n t 
de t ) 
i s n o n - v a n i s h i n g a t v = 0 . But f o r i n t e g e r s i , j = 1 , 2 , . . . , n , 
S Z I _ ,1m o ^ i i . t i (D) - x 1 
= l im 
d v J t-»0 fc 
= l i m 0 i ( t j ^ ( j ) ) - x 1 
t - 0 
= ^ ( O jL§.(j)) = 6* 
where ^ _ ( j ) i s t h e n - t u p l e wi th i t h e n t r y 6. . . E v i d e n t l y t h e J a c o b i a n 
d e t e r m i n a n t has v a l u e one a t v = 0 . 
This lemma i m p l i e s the e x i s t e n c e o f an open s e t V ( x ) c o n t a i n i n g 
any f i x e d p o i n t x o f the mani fo ld X , wi th the p r o p e r t y t h a t i f x i s a 
o o p o i n t o f V ( x ) , then i t c a n be j o i n e d t o x by e x a c t l y one g e o d e s i c which 
l i e s in V ( x ) . We c a l l such a neighborhood V ( x ) a Riemann c o o r d i n a t e 
ne ighborhood , and we c a l l the p o i n t x t h e c e n t e r o f the ne ighborhood . 
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The Riemann c o o r d i n a t e ne ighborhood V ( x ) depends in g e n e r a l on i t s c e n t e r 
x . In f a c t , t h e r e i s a "uniform" neighborhood U ( x ) o f any p o i n t x so t h a t 
i f x i s a p o i n t o f U ( x ) , then the p o i n t x i s t h e c e n t e r o f a Riemann 
c o o r d i n a t e ne ighborhood which c o n t a i n s the open s e t U ( x ) . 
In o r d e r t o e s t a b l i s h t h e e x i s t e n c e o f the "uniform" neighborhood 
U ( x ) , we i n v e s t i g a t e t h e e q u a t i o n j2 = .0(l>x>y_)' Lemma 1 t e l l s us t h a t 
t h i s e q u a t i o n may be s o l v e d f o r v as a f u n c t i o n o f £ f o r p o i n t s z i n a 
ne ighborhood o f t h e p o i n t x . The c o o r d i n a t e s o f t h e n - t u p l e v which 
c o r r e s p o n d s t o t h e p o i n t z_ in the Riemann c o o r d i n a t e neighborhood V ( x ) 
a r e c a l l e d t h e Riemann normal c o o r d i n a t e s c e n t e r e d a t x o f t h e p o i n t z,. 
The n - t u p l e v c o r r e s p o n d i n g t o t h e p o i n t z^  depends on t h e c e n t e r x . The 
n e x t lemma d e s c r i b e s t h i s dependence; 
Lemma 1 ' . L e t t h e mapping ( v , x ) — > ( z , w ) be de f ined by the equa­
t i o n s z^  = 0 ( 1 , x , v ) and w = x . Then t h i s mapping i s t o p o l o g i c a l between 
a ne ighborhood o f ( 0 , x ) and a ne ighborhood o f ( x , x ) . 
P r o o f . I t s u f f i c e s t o show t h a t t h e mapping ( v , x ) — > (z,»w) has a non-
v a n i s h i n g J a c o b i a n d e t e r m i n a n t a t ( 0 , x ) . In b l o c k form the J a c o b i a n 
d e t e r m i n a n t o f t h i s mapping i s 
d e t 
d Z i j r i Z 
B v j / \ ? ) x j 
d w j ; 5w ; 
d v J 1 \ d x J 
d e t 
o 
( 0 , x ) 
( 0 ) 
= 1 . 
<«;> 
From t h e i n v e r s e f u n c t i o n theorem, t h e lemma f o l l o w s . 
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Suppose t h a t t h e e q u a t i o n s £ = j 8 ( l , x , v ) and w = x a r e so lved f o r 
t h e v a r i a b l e s v and x in terms o f t h e v a r i a b l e s z^  and w. Denote t h e 
s o l u t i o n f u n c t i o n s by v ( z , w ) and X(JS,W) , and denote t h e neighborhood o f 
d e f i n i t i o n o f t h e s e f u n c t i o n s by ( U ( x ) , U ( x ) ) , where U ( x ) i s an open s e t 
c o n t a i n i n g t h e p o i n t x . 
From t h e form o f t h e e q u a t i o n s j u s t s o l v e d i t fo l lows t h a t f o r 
w = x , t h e f u n c t i o n v ( z , x ) y i e l d s t h e Riemann normal c o o r d i n a t e s o f t h e 
p o i n t z_ ( s e e Lemma 1 ) . That i s , t h e Riemann c o o r d i n a t e neighborhood V ( x ) 
o 
c o n t a i n s t h e open s e t U ( x ) . S i n c e v ( z , w ) i s de f ined f o r a l l p o i n t s z^  
and w in t h e open s e t U ( x ) , i t i s a s u i t a b l e "uniform" ne ighborhood . 
We l i s t a few consequences of t h e p r e c e d i n g d i s c u s s i o n . 
C o r o l l a r y 1 . v ( z , x ) i s a con t inuous f u n c t i o n o f 
t h e c e n t e r x . 
C o r o l l a r y 2 . Any p o i n t x has a neighborhood U ( £ ) 
( s u f f i c i e n t l y s m a l l ) so t h a t v (_z ,x ) 
i s de f ined f o r a l l p o i n t s x and 
in U ( x ) . 
C o r o l l a r y 3 . Any p o i n t x has a neighborhood V ( x ) 
so t h a t , i f z^  i s in V ( x ) , t h e r e i s a 
, o 
g e o d e s i c j o i n i n g x t o z_. In p a r t i c u ­
l a r , t h e g e o d e s i c 
0 ( t , x , v ( z , x ) ) 
has t h e p r o p e r t y 0 ( 0 , x , v ( z , x ) ) = x 
o ° 
and ^ ( l , x , v ( z , x ) ) = z_. 
Of c o u r s e , t h e ne ighborhood U ( x ) o f 2 i s a s u b s e t o f t h e neighborhood 
o 
V ( x ) de f ined in 3 . 
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Riemann normal c o o r d i n a t e s a r e not a l l o w a b l e in the s ense de f ined 
in S u b s e c t i o n 2 . 2 . 1 . However, t h e t e n s o r t r a n s f o r m a t i o n formulas which 
a r e v a l i d f o r changes in a l l o w a b l e c o o r d i n a t e s ( s e e S e c t i o n 2 . 3 ) a r e a l s o 
v a l i d f o r changes t o Riemann normal c o o r d i n a t e s . S i n c e we do not use 
any o f t h e p r o p e r t i e s o f a l l o w a b l e c o o r d i n a t e s in c o n n e c t i o n wi th Riemann 
normal c o o r d i n a t e s , we omit t h e p r o o f o f t h i s s t a t e m e n t . 
2 . 5 . 3 . Geodes ies as S h o r t e s t Curves 
Le t z be a p o i n t in a Riemann c o o r d i n a t e neighborhood c e n t e r e d a t 
x . Denote , as b e f o r e , t h e Riemann c o o r d i n a t e s o f z_ by v ^ ( z , x ) , 
v n ( z , x ) . Cons ider t h e g e o d e s i c 
0 ( t , x , v ( z , x ) ) = 0 ( t ) 
which i s de f ined f o r t in t h e i n t e r v a l [ 0 , l ] and which h a s , as end p o i n t s , 
t h e p o i n t s x and z_ ( s e e C o r o l l a r y 3 o f Lemma 1 ' ) . 
The l e n g t h o f 0 i s g iven by 
,1 nL(g) = j (X AiJ(^(t))0i(t)0j(t)}2 dt 0 T7>1 ^  
a , n \L \,mo))f{o)f{o)\ dt 
•17 Xi iMv1^x)yJ(*>x)\ 
Vu , J 
where X.. a r e t h e c o o r d i n a t e s o f t h e fundamental form X, and where we have 
used t h e f a c t t h a t \ , (rt(4-w'rA1 f^\k^ I X, .(^(-t)0 (t)0U(t) 
i s a c o n s t a n t a long g e o d e s i e s ( s e e S e c t i o n 2 . 4 ) . 
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The q u a n t i t y 
/ X. . ( x ) v v J 
i . J = 1 
i s a p o s i t i v e d e f i n i t e q u a d r a t i c form. D e f i n e , f o r each p o s i t i v e number 
pj, t h e s e t 
n 
s ( i E > p ) = i z j X. . ( x ) v ( z , x ) v J ( z , x ) < p j . 
F o r s u f f i c i e n t l y s m a l l p , S ( x , p ) i s an open s u b s e t o f t h e Riemann c o o r d i ­
n a t e ne ighborhood c e n t e r e d a t x . Define p ( x ) as t h e supremum o f v a l u e s 
o f p f o r which S ( x , p ) i s a s u b s e t o f a Riemann c o o r d i n a t e ne ighborhood 
c e n t e r e d a t x . 
Lemma 2 . L e t 0 < p < p ( x ) and l e t z be a p o i n t in S ( x , p ) . Then 
t h e g e o d e s i c 
0 ( t , x , v ( z , x ) ) 
has t h e s h o r t e s t l e n g t h o f any c o n t i n u o u s l y d i f f e r e n t i a b l e p a r a m e t r i c 
c u r v e j o i n i n g x t o z . 
A p a r t i c u l a r l y s imple p r o o f o f t h i s lemma may be based on a r g u ­
ments found in [st; pp . 3 1 0 - 3 1 l ] . The same arguments may be modi f i ed t o 
y i e l d t h e c o n c l u s i o n t h a t no p i e c e w i s e smooth p a r a m e t r i c c u r v e which j o i n s 
t h e p o i n t s x and z can have l e n g t h s m a l l e r than t h e g e o d e s i c 
0 ( t , x , v ( z , x ) ) . 
2 , 5 . 4 . P r o o f o f Main Lemma 
We combine t h e lemmas o f S e c t i o n s 2 . 5 . 2 and 2 . 5 . 3 t o prove t h e 
main lemma c o n c e r n i n g g e o d e s i e s ( s e e S e c t i o n 2 . 5 . 1 ) . 
From S u b s e c t i o n 2 . 5 . 2 , any p o i n t x has a ne ighborhood Uo so t h a t 
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v ( z , x ) i s de f ined f o r a l l p o i n t s £ and x in Uo ( i . e . , any two p o i n t s o f 
Uo may be j o i n e d by a g e o d e s i c ) . There i s no l o s s in g e n e r a l i t y in 
supposing t h a t Uo = S ( x , p Q ) f o r some p o s i t i v e number p . 
The e x p r e s s i o n
 n 
V X i i (x)v 1 (z ,x)v J (z ,x) 
i , J = l 
i s c o n t i n u o u s in -L_ and x f o r a l l _z and x in S ( x , p ) . Hence , t h e r e 
e x i s t s a p o s i t i v e number p ^ , 3 p ^ < p ^ , such t h a t , i f x i s a p o i n t in 
S ( x , p ^ ) , then S ( x , 2 p ^ ) i s an open s u b s e t o f S ( x , p Q ) . I t fo l lows from 
t h e v a l i d i t y o f Lemma 2 f o r p i e c e w i s e smooth c u r v e s t h a t 
S ( x ,
 P]_) C S ( x , 2 P l ) . 
F o r i f z i s a p o i n t o f S ( x , p ^ ) , i t can be j o i n e d t o x by a p i e c e w i s e 
g e o d e s i c c u r v e p a s s i n g through t h e p o i n t x which has l e n g t h l e s s than 
2 p ^ . S i n c e t h e g e o d e s i c j o i n i n g t h e p o i n t s x and has l e n g t h l e s s than 
t h i s p i e c e w i s e g e o d e s i c , t h e p o i n t £ must be in t h e s e t S ( x , 2 p ^ ) . The 
p r o o f o f t h e lemma i s c o m p l e t e . 
The lemma and d i s c u s s i o n o f t h i s s e c t i o n i n d i c a t e t h a t ( l o c a l l y ) 
on X a d i s t a n c e f u n c t i o n may be def ined ( l e n g t h o f g e o d e s i e s ) . The 
n o t i o n o f such a l o c a l d i s t a n c e w i l l be i n v e s t i g a t e d in t h e n e x t c h a p t e r . 
2 . 6 . Newtonian and L a g r a n g i a n Dynamical Systems 
In t h i s s e c t i o n we e x p l a i n more f u l l y t h e c o n n e c t i o n between 
Newtonian dynamica l sys tems and Riemann geometry ( t h e J a c o b i form of the 
Mauper tu i s p r i n c i p l e ) . 
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2.6 . 1 . Submanlfolds o f a D i f f e r e n t i a b l e Manifold 
Let X be an n - d i m e n s i o n a l d i f f e r e n t i a b l e mani fo ld o f c l a s s C^, 
q = 1 , and l e t Y be an open c o n n e c t e d s u b s e t o f X. In a n a t u r a l way t h e 
d i f f e r e n t i a b l e s t r u c t u r e on X induces a d i f f e r e n t i a b l e s t r u c t u r e on Y . 
I f ( f , U ) i s an a l l o w a b l e sys tem o f l o c a l c o o r d i n a t e s in X and i f y i s a 
p o i n t in t h e open s e t U/AY, then t h e r e i s a ne ighborhood o f y w i t h i n 
U/°\Y which i s mapped by f onto an open b a l l in E u c l i d e a n n - s p a c e c e n ­
t e r e d a t f ( y ) . Denote t h i s ne ighborhood by V y . Then we say t h a t t h e 
c h a r t ( f , V ) i s an a l l o w a b l e sys tem o f l o c a l c o o r d i n a t e s in the s e t Y . 
These a l l o w a b l e c h a r t s y i e l d a d i f f e r e n t i a b l e s t r u c t u r e o f c l a s s on 
t h e open s e t Y . We c a l l t h i s d i f f e r e n t i a b l e s t r u c t u r e t h e induced s t r u c ­
t u r e on Y , and t h e d i f f e r e n t i a b l e mani fo ld Y i s c a l l e d a submanifold o f 
t h e mani fo ld X . I t i s a consequence o f t h e i r d e f i n i t i o n s t h a t the 
t a n g e n t s p a c e s t o t h e mani fo lds X and Y a t t h e i r common p o i n t s a r e 
i d e n t i c a l . 
I f X i s a Riemann mani fo ld o f c l a s s and i f Y i s an open subse t 
o f X , then t h e fundamental form on X induces in a n a t u r a l way a funda­
m e n t a l form on Y . F o r i f \ i s t h e fundamental form on X , i f y i s a p o i n t 
o f Y , i f ( f , U ) i s an a l l o w a b l e c h a r t a t y in X , i f ( f , V ) i s an a l l o w a b l e 
c h a r t a t y in Y , and i f in t h e n o t a t i o n o f 2 . 2 . 3 
( X , f , U ) . >(X>F ,U) 
and 
U',f ,v y )< > (A,f,v y) , 
then X 1 i s a fundamental form on Y . A c u r v e in Y has t h e same l e n g t h 
whether i t i s computed as a c u r v e in Y o r as a c u r v e in X . The form X ' 
we c a l l t h e induced fundamental form on t h e mani fo ld Y . I t i s e v i d e n t 
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t h a t the man i fo ld Y wi th t h e induced fundamental form A.1 i s a Riemann 
mani fo ld o f c l a s s C^. 
F o r s i m p l i c i t y we w r i t e \ in p l a c e o f \ ' s i n c e they a r e i d e n t i c a l 
on Y . 
In a s i m i l a r f a s h i o n any t e n s o r o r v e c t o r on t h e d i f f e r e n t i a b l e 
mani fo ld X may be induced on t h e submanifold Y . 
2 . 6 . 2 . Newtonian and L a g r a n g i a n Dynamical Systems 
We know t h a t Newton's e q u a t i o n s o f mot ion ( t h e e q u a t i o n s which 
c h a r a c t e r i z e a Newtonian dynamica l sy s t em) by a re -numbering o f c o o r ­
d i n a t e s and masses can be put in t h e form 
• •
 1
 1 BV . 
x = - — — T - , 1 = 1 , mn, 
i dx 
f o r m p a r t i c l e s in E u c l i d e a n n - s p a c e ( s e e S e c t i o n 1 . 1 ) . I f a l l o w a b l e 
c o o r d i n a t e s which a r e n o t r e c t i l i n e a r a r e i n t r o d u c e d in E u c l i d e a n n - s p a c e , 
then Newton's e q u a t i o n s a r e t r a n s f o r m e d i n t o t h e e q u a t i o n s 
n mn 
Y1 + I r* ( y ) y J y k = - ) X 1 J ( y ) ^ , 1 = 1 , . . . , mn . 
Th i s form o f Newton's e q u a t i o n s has t h e advantage t h a t a l l o w a b l e t r a n s ­
f o r m a t i o n s o f c o o r d i n a t e s y i e l d e q u a t i o n s which a r e a g a i n o f t h e same 
form. 
Thi s " i n v a r i a n t " form o f Newton's e q u a t i o n s o f mot ion s u g g e s t s a 
g e n e r a l i z a t i o n o f our c o n c e p t o f a dynamical sys tem. We g i v e t h e p r e c i s e 
n a t u r e o f t h i s g e n e r a l i z a t i o n in t h e n e x t few p a r a g r a p h s . 
L e t X be an n d imens iona l Riemann mani fo ld o f c l a s s C^, q = 2 , and 
suppose t h a t X has fundamental form X . L e t x denote a p a r a m e t r i c c u r v e 
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o f c l a s s C ( a , b ) wi th r a n g e a s u b s e t o f X . Denote by M-(t ) t h e c o n t r a ­
v a r i a n t v e c t o r , which i s de f ined by 
(M.(tQ),f,U) « »Qi(to),f,u), 
where 
• i n 1 D x ..1 , T _ i / N • j • i . 
^
 =
 dt" = X + L , r j k ( x ) ' 1 = 1 , n. 
That a c o n t r a v a r i a n t v e c t o r ^ ( t ) i s unambiguously de f ined by t h e s e 
r e l a t i o n s i s a consequence o f arguments in [ k r ; pp. 2 1 6 - 2 1 8 ] , 
2 
Le t V be a r e a l - v a l u e d f u n c t i o n o f c l a s s C ( X ) . The p a r a m e t r i c 
2 
c u r v e x o f c l a s s C ( a , b ) i s s a i d t o be a ( c o n s e r v a t i v e ) L a g r a n g i a n 
dynamical sys tem wi th p o t e n t i a l V i f 
n 
jnf (t) = -7 xiJ(x(t))^ T(x(t)), i = i , . . . , n , ( i ) 
f o r a l l t in ( a , b ) . The L a g r a n g i a n dynamical system i s s a i d t o have 
n d e g r e e s o f freedom where n i s t h e dimension o f t h e mani fo ld X . We 
s h a l l prove W h i t t a k e r ' s theorem f o r L a g r a n g i a n dynamical s y s t e m s . 
P r o p o s i t i o n 1 ( C o n s e r v a t i o n o f E n e r g y ) . I f a L a g r a n g i a n 
dynamical sys tem x ( t ) has p o t e n t i a l V then 
J > \ ( x ( t ) ) U ( t ) , x ( t ) ] + V ( x ( t ) ) = h = c o n s t . 
P r o o f . D i f f e r e n t i a t e wi th r e s p e c t t o t ime and use e q u a t i o n ( 1 ) o f t h i s 
s e c t i o n and t h e d e f i n i t i o n o f t h e C h r i s t o f f e l symbols t o show t h e r e s u l t 
i s i d e n t i c a l l y z e r o in t . 
The r e a l p a r a m e t e r h i s determined by t h e i n i t i a l c o n d i t i o n s 
o f t h e dynamica l sys tem and i s c a l l e d t h e energy ( t o t a l e n e r g y ) o f 
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t h e s y s t e m . 
Le t X be a Riemann mani fo ld wi th fundamental form X o f c l a s s C^, 
q = 2 . Le t V be a r e a l - v a l u e d f u n c t i o n o f c l a s s C ^ ( X ) , p - 2 . Cons ider 
t h e s e t 
Y ( h ) = j x e X | h - V ( x ) > 0 j . 
Suppose t h a t t h e s e t Y ( h Q ) i s non-empty . Then i t i s open in X 
and each o f i t s components i s a submanifold o f t h e d i f f e r e n t i a b l e mani ­
f o l d X . By component o f Y ( h Q ) we mean any subse t which i s c o n n e c t e d and 
maximal ( i . e . , i s no t c o n t a i n e d in any o t h e r c o n n e c t e d subse t o f Y ( h Q ) ) . 
The e x p r e s s i o n 
h[hQ - V ( x ) ] X ( x ) 
i s , f o r each p o i n t x in Y ( h Q ) , a p o s i t i v e d e f i n i t e c o v a r i a n t t e n s o r o f 
second o r d e r and d e f i n e s a fundamental form on t h e open s e t Y ( h Q ) . This 
form i s no t induced on Y ( h Q ) by t h e form X on X . A component o f t h e open 
s e t Y ( h Q ) becomes a Riemann mani fo ld o f c l a s s c m * " n f a ' ^ } , where , by 
a s s u m p t i o n , min£p,q^ = 2 . 
2 . 6 . 3 . L a g r a n g i a n Dynamical Systems and M a u p e r t u i s ' P r i n c i p l e 
In S e c t i o n 1 . 1 we i n d i c a t e d a r e l a t i o n between Newtonian dynamical 
sys tems and g e o d e s i e s in a Riemann m a n i f o l d . As i n d i c a t e d in t h e p r e v i o u s 
s u b s e c t i o n , Newtonian dynamical systems a r e s p e c i a l c a s e s o f L a g r a n g i a n 
dynamical s y s t e m s . In t h i s s e c t i o n we e s t a b l i s h the r e l a t i o n i n d i c a t e d 
in S e c t i o n 1 . 1 between a ( c o n s e r v a t i v e ) L a g r a n g i a n dynamical sys tem o f 
energy h Q and t h e Riemann mani fo ld Y ( h Q ) wi th fundamental form 
% [h Q - V ( x)]X ( x ) . This r e l a t i o n i s the s u b j e c t o f t h e n e x t two p r o p o s i ­
t i o n s . These p r o p o s i t i o n s a r e g e n e r a l i z a t i o n s o f t h e two p r o p o s i t i o n s o f 
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S u b s e c t i o n s 1 . 1 . 2 . 
P r o p o s i t i o n 1 . Le t 0 ( s ) be a g e o d e s i c in the mani fo ld Y ( h Q ) (with 
fundamental form ^ [ h - V(x)]x (x ) ) . Suppose t h a t t h e p a r a m e t e r s i s 
o 
l e n g t h o f a r c , i . e . , 
k[hQ - V(0(s))] M0 ( s ) ) [ 0(s),0(s)] = 1 , ( 2 ) 
and t h a t t h e r e a l - v a l u e d , i n c r e a s i n g and t w i c e c o n t i n u o u s l y d i f f e r e n t i a b l e 
f u n c t i o n s ( t ) i s de f ined by t h e d i f f e r e n t i a l e q u a t i o n 
I s - * h - V ( 0 ( s ) ) 
dt ° 
and t h e i n i t i a l c o n d i t i o n s ( 0 ) = 0 . Le t t h e f u n c t i o n ^ ( t ) be def ined by 
(Def) Y ( t ) = 0 ( s ( t ) ) . 
Then ^ i s t h e ( c o n s e r v a t i v e ) L a g r a n g i a n dynamical system in X wi th p o t e n ­
t i a l V and energy h Q which s a t i s f i e s t h e i n i t i a l c o n d i t i o n s 
Y ( 0 ) = 0 (0) 
%(0) = f&<0) [h Q - V(0(O)J. 
dt ds u 
P r o p o s i t i o n 2 . C o n v e r s e l y , l e t ^ be a ( c o n s e r v a t i v e ) L a g r a n g i a n 
dynamical sys tem with p o t e n t i a l V ( x ) and energy h . Suppose t h a t 
h Q - V ( Y ( t ) ) > 0 f o r a l l t ime t in t h e domain o f ^ and t h a t ^ s a t i s f i e s 
t h e i n i t i a l c o n d i t i o n s 
Y ( 0 ) = x 




T h u s , 
tt<*(t)%. at] + V(T(t» - h G (3) 
( energy i s c o n s e r v e d ) . S i n c e t h e f u n c t i o n 0 ( s ) i s a g e o d e s i c , i t s a t i s ' 
f i e s t h e e q u a t i o n s 
n 
0 ( s ) + ) T 1 (0(s))0 (s)0 ( s ) = 0 , ( 4 ) 
~ i 
i = 1 , n , where T denotes a C h r i s t o f f e l symbol a s s o c i a t e d wi th 
t h e fundamental form on Y ( h G ) 
X ( x ) = k[ h Q - V ( x)]X ( x ) . 
M u l t i p l y i n g e q u a t i o n ( 4 ) by A.m^ and summing wi th r e s p e c t t o the index i , 
we have t h e e q u a t i o n s 
n n 
0 = ) X .(0)*0X + > ~ (0)0J0 , (5) 




dt ^ dt V
 0v dt 
and 
^iV ™<x> = K " V^ X>] r'V <X> jk ,m o j jk ,m 
2
 ^ax^  
S u b s t i t u t i n g i n t o (5) we have 
n 
1 / 2 Y r £V_ dV_ 3 V J d ^ dY k 
[h - V ( Y ) f j , U L m J dx k
 G x
J
 " Vdt d t 
1 f * , dV 
where we have used equation ( 3 ) to replace 
n • -i 
l / 2 Y , 3 V dY J dY 
[h - v(Y)f ^ ax-
- A 2 . Z_i _ "jk m dt dt 
1 SV 
_ rh - V(Y)1 ^ m 
1 o v 5 x 
Thus,
 n P • n i v 
dfY^ V
 m r f d f = SV_ 
1^ 1 ^ d t 2 d t d t ' 
and Y is a Lagrangian dynamical system with potential V and energy h o 
Proposition Two is proved "by similar methods, and we omit the 
details. 
+ 1 V dY^ SV_ dY^ 
r\. WM/VI 2 • l~ _ mi dt r dt |h Q - V(Y)J i,r=l Sx 
1 ^ , v dY J dY k 
+
 TT - V(Y) j,fe=l rjk,m^ ; dt dt 
n 
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CHAPTER I I I 
GEOMETRY OF DISTANCE SPACES 
In Chapter Two a r e l a t i o n was g iven between dynamical systems and 
g e o d e s i e s in Riemann m a n i f o l d s . The r o l e g e o d e s i c c u r v e s p l a y in i n t e r ­
p r e t i n g t h e h y p o t h e s e s o f W h i t t a k e r ' s theorem m o t i v a t e d the approach t o 
t h i s theorem through Riemann m a n i f o l d s . 
Vaguely s p e a k i n g , t h e e s s e n t i a l r e s u l t s o f the p r e v i o u s c h a p t e r 
a r e t h e c o n n e c t i o n between g e o d e s i e s of Riemann mani fo lds and dynamical 
s y s t e m s , t h e l o c a l e x i s t e n c e o f a d i s t a n c e f u n c t i o n ( l e n g t h o f s h o r t e s t 
c u r v e s ) on such m a n i f o l d s , and t h e l o c a l c o n v e x i t y o f such mani fo lds 
( e x i s t e n c e o f s h o r t e s t c u r v e s ) . These i d e a s and the r o l e they p lay a r e 
emphasized in Chapter Three by t h e i r i n t r o d u c t i o n as axioms in an a b s t r a c t 
s p a c e . The remarks o f S e c t i o n 1 . 3 a r e important f o r m o t i v a t i n g t h e 
approach in t h i s c h a p t e r . 
In Chapter Four we r e t u r n t o Riemann mani fo lds f o r g e n e r a l i z i n g 
W h i t t a k e r ' s boundary h y p o t h e s e s . 
3 . 1 L o c a l D i s t a n c e 
A s e t X i s c a l l e d a l o c a l d i s t a n c e space i f t h e r e i s a fami ly o f 
p a i r s { ( U T , d T ) | T e T j which s a t i s f i e s t h e fo l lowing c o n d i t i o n s (T i s an T 
index ing s e t ) : 
1 . V/u = X , 
T e T T ' 
2 . d i s a d i s t a n c e f u n c t i o n on U_ ( s e e S e c t i o n 
T T 
2 . 1 ) , and 
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3 . d s ( x , y ) = d T ( x , y ) i f s and y a r e p o i n t s in 
A s u b s e t G of the l o c a l d i s t a n c e s p a c e X i s c a l l e d open in X i f 
GAIL, i s open in t h e d i s t a n c e space IL. f o r each T in T. The c o l l e c t i o n 
of open s e t s i s a t opo logy on X which i s c a l l e d t h e topo logy o f t h e 
l o c a l d i s t a n c e j d [ T e T \ . 
C o r d i t i o n 2 above g u a r a n t e e s t h a t t h e r e i s a t most one number 
a s s i g n e d by a l l t h e f u n c t i o n s d^ . t o any two f i x e d p o i n t s x and y o f X. 
This number ( i f e x i s t i n g ) i s c a l l e d t h e l o c a l d i s t a n c e between x and y 
and i s denoted by x y . 
2 
Any Riemann mani fo ld X o f c l a s s C i s a l o c a l d i s t a n c e s p a c e . F o r 
i f x i s any p o i n t of t h e m a n i f o l d , i f U x i s a neighborhood of t h i s p o i n t 
such t h a t a minimal c u r v e j o i n s any two of i t s p o i n t s ( s e e main lemma o f 
S e c t i o n 2 . 5 ) , and i f d ( y , , y 0 ) i s def ined t o be t h e l ength o f t h i s minimal 
c u r v e j o i n i n g t h e p o i n t s y-^  and y 2 o f U , then the fami ly o f p a i r s 
i s a l o c a l d i s t a n c e whose topo logy i s i d e n t i c a l with t h e e x i s t i n g 
t o p o l o g y on X. 
A second example i s o b t a i n e d i f X i s a d i s t a n c e space with d i s ­
t a n c e d. Let T = j^ lj", = X and d^ = d. Then, with t h e fami ly 
^ ( U - p d ^ j " = | ( x , d ) j " , t h e s e t X i s a l o c a l d i s t a n c e s p a c e . 
This s e c t i o n i s devoted t o prov ing a p a r t i a l c o n v e r s e t o t h i s 
s t a t e m e n t . A s imple example shows t h a t t h e u n q u a l i f i e d c o n v e r s e i s 
f a l s e . F o r l e t X = { x , y , z j ~ , = { x , z } , u"2 = { y , z } , d ^ ( x , z ) = 1 , 
^ ( y * 2 ) = %•'» then X wi th fami ly { (U,d-^) , (U ,d 2 ) j" i s a l o c a l d i s t a n c e 
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s p a c e . The open s e t s in X a r e t h e empty s e t , X , \ z j , and ^ x , y [ . S i n c e 
X i s n o t a Hausdorf f s p a c e , i t i s n o t a d i s t a n c e s p a c e ( s e e S e c t i o n 2 , 1 ) . 
3 . 1 . 1 . P a r a m e t r i c Curves and Line Segments 
R e c a l l t h a t a c o n t i n u o u s f u n c t i o n wi th domain a c l o s e d i n t e r v a l 
[ a , b ] and r a n g e a subse t o f t h e t o p o l o g i c a l s p a c e X i s c a l l e d a p a r a ­
m e t r i c c u r v e in X. Le t X be a l o c a l d i s t a n c e s p a c e , and suppose t h a t 
t h e r e i s a p a r a m e t r i c c u r v e f which j o i n s t h e p o i n t s x and y o f X . 
Denote t h e domain o f f by [ a , b ] , and suppose t h a t t h e e q u a l i t y 
I t x - t 2 | 
^ l ^ ) = b - a x y 
i s s a t i s f i e d f o r each p a i r o f r e a l numbers t^ and t 2 in [ a , b ] ( i . e . , t h e 
l o c a l d i s t a n c e between f ( t ^ ) and f ( t 2 ) must be d e f i n e d ) . Then t h e c u r v e f 
i s s a i d t o be a l i n e segment . The p o i n t x i s s a i d t o be j o i n e d t o y by 
t h e l i n e segment f . E v i d e n t l y , i f x i s j o i n e d t o y by a l i n e segment , 
then y i s j o i n e d t o x by a l i n e segment , and we say s imply t h a t x and y 
a r e j o i n e d by a l i n e segment . 
I f each p o i n t o f t h e l o c a l d i s t a n c e space X has an open n e i g h b o r ­
hood such t h a t any p a i r o f i t s p o i n t s can be j o i n e d by a l i n e segment , 
then we say t h a t X i s l o c a l l y c o n v e x . N o t i c e t h a t t h e l i n e segments a r e 
no t r e q u i r e d t o l i e in t h e ne ighborhood . F o r a d i f f e r e n t approach t o 
t h i s m a t e r i a l , s ee [ R ; pp. 9 9 - 2 1 4 ] . 
2 
I t i s e v i d e n t t h a t a Riemann mani fo ld of c l a s s C i s l o c a l l y c o n ­
v e x ( s e e S e c t i o n 2 . 5 ) . The t h i r d example o f t h i s s e c t i o n ( s e e t h e l a s t 
p a r a g r a p h in t h e preamble t o S e c t i o n 3 . 1 above ) shows t h a t a l o c a l d i s ­
t a n c e s p a c e need n o t be l o c a l l y c o n v e x . 
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3 . 1 . 2 . Length of a P a r a m e t r i c Curve 
We f i r s t d e f i n e l e n g t h of p a r a m e t r i c c u r v e s in t h e d i s t a n c e s p a c e 
X. Denote t h e d i s t a n c e betx^een t h e p o i n t s x and y o f X by x y . Let f be 
a p a r a m e t r i c c u r v e in X wi th domain t h e c l o s e d i n t e r v a l [ a , b ] . 
By a p a r t i t i o n o f t h e i n t e r v a l [ a , b ] we u n d e r s t a n d a f i n i t e s e t o f 
r e a l numbers 
K.'i' • • • • U 
where a = t_ < t < . . . < t = b . 
° 1 n 
The l e n g t h o f t h e c u r v e f i s de f ined t o be t h e n o n - n e g a t i v e r e a l 
number ( i f e x i s t i n g ) g iven by 
n 
I L ( f ) = s u p j j f < t l ) f ( t ) | { t o , t , t } - A} 
A i = l 
where t h e supremum i s taken over a l l p a r t i t i o n s o f t h e i n t e r v a l [ a , b ] . 
I f t h e s e t o f numbers 
n 
I I f ( t i ) f ^ i - l ^ l ^ o ' t l ' t r } = A, A i s a p a r t i t i o n o f 
i = l 
[ a , b l 
i s not bounded, then we w r i t e X ( f ) z 0 0 ; o t h e r w i s e , we w r i t e IL ( f ) < CD , 
Le t a < c < b ; i t i s e v i d e n t t h a t 
J L ( f ) = 3 L ( f | [ a , c ] ) + l L ( f | [ c , b ] ) ( 1 ) 
where ( f o r example ) f | [ a , c ] i s t h e r e s t r i c t i o n o f t h e f u n c t i o n f t o 
t h e i n t e r v a l [ a , c ] . 
The c o n c e p t o f a l o c a l d i s t a n c e s p a c e i s t o o g e n e r a l t o a l l o w a 
r e a s o n a b l e d e f i n i t i o n o f l e n g t h o f a r c w i thout some r e s t r i c t i o n s . As an 
example o f p o s s i b l e p a t h o l o g y , t h e s e t s U which o c c u r in t h e d e f i n i t i o n 
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o f l o c a l d i s t a n c e need not be open ( s e e t h e example X = |^x,y,z} g iven 
in t h e preamble o f t h i s s e c t i o n ) . 
In o r d e r t o r e f l e c t more n e a r l y t h e p r o p e r t i e s o f Riemann manifolds , 
we c o n s i d e r on ly a r e s t r i c t e d c l a s s o f l o c a l d i s t a n c e s p a c e s . These 
r e s t r i c t i o n s a r e embodied in t h e n e x t d e f i n i t i o n . A c o n n e c t e d l o c a l 
d i s t a n c e s p a c e i s s a i d t o be m a n i f o l d - l i k e i f t h e d i s t a n c e s p a c e s IL. a r e 
open f o r each T in T and i f f o r each p o i n t x in a s e t IL. , t h e r e i s a 
p o s i t i v e number &T so t h a t : 
1 . t h e c l o s u r e in X of t h e b a l l 
£»,. <x>\> = (y| *V ( x > y ) < *} i s a 
s u b s e t o f IL. , and 
2 . t h e c l o s u r e in X of S ( x , 6 ^ ) i s compact . 
We d e f i n e l e n g t h o f a r c in a m a n i f o l d - l i k e l o c a l d i s t a n c e s p a c e 
X . Let f be a p a r a m e t r i c c u r v e in X with domain [ a , b ] . N o t i c e t h a t 
p r o p e r t y one in t h e d e f i n i t i o n of l o c a l d i s t a n c e space ( s e e t h e beginning 
o f S e c t i o n 3 . 1 ) i m p l i e s t h a t ^lL.|TgTj" i s a c o v e r f o r X (an open c o v e r 
s i n c e X i s m a n i f o l d - l i k e ) . The range o f f i s a compact s e t so t h e r e i s 
a f i n i t e c o v e r o f t h e form 
U ( 1 ) , U ( 2 ) , U(k ) 
where U ( l ) , U(k ) a r e members o f t h e s e t ^IJ . | Te T| . 
The p o i n t f ( a ) i s in one or more o f t h e s e t s U ( l ) , U ( k ) , say 
in U ( l ) , U ( r ) , r — k. S i n c e f i s cont inuous and s i n c e t h e s e t s 
U ( l ) , U ( r a ) a r e open, f [ a , c ) i s a subse t o f each o f t h e s e r & s u b s e t s 
f o r | a - c | s u f f i c i e n t l y s m a l l . Let t ^ be t h e maximum v a l u e o f c such 
t h a t f [ a , c ) i s a s u b s e t o f one o f t h e s e t s U ( l ) , . . . U ( r ) . E v i d e n t l y , 
Si 
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f [ a , t ^ ] i s no t a s u b s e t o f any o f t h e s e t s U ( l ) , . . . , U ( r a ) u n l e s s 
( p o s s i b l y ) t ^ = b . I f t ^ = b , we s t o p t h e p r o c e s s . O t h e r w i s e , suppose 
t h a t t n < t n < . . . < t < b have been s e l e c t e d . The p o i n t f ( t ) i s 1 2 q q ' 
in one o r more o f t h e s e t s U ( r ) , r = 1 , . . . , k. Le t t be t h e maximum 
v a l u e o f t so t h a t f [ t q , t ) i s a s u b s e t o f a t l e a s t one o f t h e s e t s 
U ( l ) , . . . , U ( k ) . I f t q + ^ = b , t h e p r o c e s s s t o p s . I f t n < b f o r each 
i n t e g e r n , then we i n d u c t i v e l y d e f i n e an i n c r e a s i n g sequence o f r e a l 
numbers 1^} • We show, in f a c t , t h a t no such sequence can e x i s t . 
L e t tn - l im t . The p o i n t f ( t ) i s in a t l e a s t one o f t h e s e t s o n r o 
U ( l ) , . . . U ( k ) , say U ( r Q ) . S i n c e t h e f u n c t i o n f i s c o n t i n u o u s , t h e r e i s 
a p o s i t i v e i n t e g e r N so t h a t i f n ^ N, then f [ t n , t ] ^ U ( r Q ) . T h e r e f o r e , 
by d e f i n i t i o n o f t we have t „ , - i > t _ . This s t a t e m e n t i s i n c o n s i s t e n t J
 n+1 n + l o 
wi th t h e f a c t t h a t t h e i n c r e a s i n g sequence |t^J-
 n ^ has l i m i t t Q . Thus 
t h e sequence t e r m i n a t e s a f t e r a f i n i t e number o f s t e p s , and t h e r e e x i s t 
t imes 
a = t n < t n < . . . < t T < t = b u
 1 n - l n 
so t h a t t h e image o f t h e h a l f - o p e n i n t e r v a l [ t ^ ]_» t ^)» i s a s u b s e t o f 
one o f t h e d i s t a n c e s p a c e s U ( l ) , . . . , U ( k ) and so t h a t t h i s image i s 
max imal . The word maximal i s u n d e r s t o o d t o mean t h a t t h e image o f t h e 
c l o s e d i n t e r v a l [ ^ . . i * ^ ] under t h e f u n c t i o n f , f [ t ^ _ ^ , t ^ ] , i s a s u b s e t 
o f none o f t h e s e t s U ( l ) , . . . , U ( k ) . The r e s t r i c t i o n o f t h e f u n c t i o n f t o 
t h e i n t e r v a l [ t ^ _ - p c ] , c < t ^ , i s a p a r a m e t r i c c u r v e in one o f t h e d i s ­
t a n c e s p a c e s U ( l ) , . . . , U ( k ) , and, as s u c h , t h i s c u r v e has a l e n g t h which 
we denote by 
I L ( f | [ t . . l j C ] ) . 
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E q u a t i o n ( 1 ) i m p l i e s t h a t T L ( f | [ t ^ _ ^ , c ] ) i s an n o n - d e c r e a s i n g 
f u n c t i o n o f c ; l e t 
(Def) I L i _ 1 = l im TL ( f | [ t i . 1 , c ] ) , i = l , n . 
c - > t i -
The q u a n t i t y TL i s a n o n - n e g a t i v e r e a l number o r i n f i n i t y . Denote by 
TL ( f ) t h e r e a l number o r i n f i n i t y 
n 
(Def) TL ( f ) = Y TL . , 
i = l 
where ]L ( f ) = 0 0 i s u n d e r s t o o d i f TL . ^ = oo f o r any i = 1 , n. We 
c a l l T X ( f ) t h e l e n g t h o f t h e p a r a m e t r i c c u r v e f in t h e l o c a l d i s t a n c e 
s p a c e X. 
This d e f i n i t i o n o f l e n g t h o f t h e p a r a m e t r i c c u r v e f appears t o 
depend on t h e c h o i c e o f t h e c o v e r i n g s e t s U ( l ) , . . . , U ( k ) . Were t h e r e a 
genuine dependence , our d e f i n i t i o n would have l i t t l e u s e . By means o f 
t h e n e x t p r o p o s i t i o n , which r e l a t e s t h e l e n g t h of t h e c u r v e f t o "sums 
o v e r p a r t i t i o n s o f t h e i n t e r v a l [ a , b ] , " we show t h a t l e n g t h o f p a r a m e t r i c 
c u r v e s does n o t depend on t h e f i n i t e c o v e r i n g U ( l ) , . . . , U ( k ) . 
P r o p o s i t i o n . Le t f be a p a r a m e t r i c c u r v e in t h e m a n i f o l d - l i k e 
l o c a l d i s t a n c e s p a c e X . Le t t h e domain o f f be t h e c l o s e d i n t e r v a l 
[ a , b ] . Then t h e r e i s a p a r t i t i o n 
' rK'h S„} 
of [ a , b ] so t h a t 
1 . f o r each i n t e g e r j = 0 , 1 , . . . , m - l and f o r a l l t ' 
and t " in t h e i n t e r v a l [ t . , t , ] , t h e l o c a l 
J J + l 
d i s t a n c e f ( t ' ) f ( t " ) i s d e f i n e d , and 
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n-1 
i = 1 , . . . , n , then 
n 
I (2) 
i i n 
I L ( f ) = ^ IL ^ IL( f | [t - , c j ) > DL(f) -
i = l 1 i = l 1 - 1 1 
2. i L ( f ) = s u p { V f ( s k ) f ( s k + 1 ) | { s o , . . . , s n } =a} 
k=0 
where t h e supremum i s taken o v e r a l l p a r t i t i o n s A ^ > A r 
P r o o f . L e t t h e p a r t i t i o n AQ = , t j , . . . , t ^ } be s e l e c t e d as in t h e 
d e f i n i t i o n o f T L ( f ) ; i . e . , f [ t | ]_»t j ) I s a maximal s u b s e t o f one o f 
t h e s e t s U ( l ) , U ( k ) . S i n c e t h e p a r a m e t r i c c u r v e f i s c o n t i n u o u s , 
s i n c e t h e s e t s U ( l ) , U(k) a r e open, and s i n c e AQ i s a f i n i t e s e t , 
t h e r e i s a p o s i t i v e number 6 Q so t h a t f ( t . [ - q^,^ + 6 ) i s a s u b s e t o f 
one o f t h e s e t s U ( l ) , U(k) f o r each i n t e g e r i ( t h e s e t 
f ( t ^ - 6 0 > t - n + 6 ) i s t o be i n t e r p r e t e d as f ( t R - ^ 0 » t n ] ) . We suppose 
t h a t t h e number 6 Q i s chosen t o s a t i s f y t h e i n e q u a l i t i e s 
6 Q < t± ~ t[ i f ° r i n t e g e r s i = 1> • • •> n « Le t t h e p a r t i t i o n be 
g iven by 
A l • fo.'i - 'o.H-'i - 6 o . fc2. • • • • *n - 6 o ^ • 
Then t h e p a r t i t i o n e v i d e n t l y y i e l d s c o n c l u s i o n one o f t h i s p r o p o s i t i o n , 
To e s t a b l i s h c o n c l u s i o n two, we suppose t h a t t h e c u r v e f has 
f i n i t e l e n g t h . As in t h e d e f i n i t i o n o f l e n g t h , l e t 
I L i _ 1 = ^ i m _ T L ( f | [ t i _ 1 , c ] ) , i = l , . . . , n . 
i" 
L e t e be a p o s i t i v e number; t h e r e i s a p o s i t i v e number which we may 
suppose t o be l e s s t h a n &Q so t h a t , i f 0 < t ^ - c^<& ^ f o r each i n t e g e r 
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and 
) f ( c ) f ( t . ) < | . ( 3 ) 
i = l 1 1 
From t h e d e f i n i t i o n o f TX ( f ] [ t ^ , c ^ ] ) , t h e r e e x i s t p a r t i t i o n s 
A ( i ) o f t t ^ _ - ^ , c ^ ] , i
 =
 l , . . . , n , so t h a t t^ - &Q i s in A ( i ) and so t h a t 
n n 
) K e f i r t . c . D ^ y v > f ( t ' ) f ( t " ) 
i = T 1 - 1 1 i = l A t i ) 
\L ^ ( f l [ vi'ci]) • 3 
i = l 
( 4 ) 
) 
By t h e sum ^ - ^ j f ( t ' ) f ( t " ) , we u n d e r s t a n d t h e sum o f e l ements o f t h e form 
f ( t ' ) f ( t " ) where t ' and t " a r e s u c c e s s i v e e l ements o f t h e p a r t i t i o n A ( i ) , 
L e t A = A ( i ) ; A i s a p a r t i t i o n o f [ a , b ] and 
i = l 
n n 
y f ( t « ) f ( t " ) = i y f ( t « ) f ( t " ) + y f c c ^ o . & 
t i = i a Y D i = i 1 1 
Combining i n e q u a l i t i e s ( 2 ) , ( 3 ) , and ( 4 ) wi th e q u a t i o n ( 5 ) , we s e e 
t h a t 
n 
] L ( f ) - / / f ( t ' ) f ( t " ) + 2 e / 3 = ) f ( t ' ) f ( t " ) + 2 e / 3 . ( 6 ) 
i = l A ( ' i ) t 
We show t h a t 
i L ( f ) = y f ( t ' ) f ( f ) . ( 7 ) 
This i n e q u a l i t y , which in a d i s t a n c e s p a c e fo l lows from t h e 
t r i a n g l e i n e q u a l i t y , i s not so e v i d e n t in a m a n i f o l d - l i k e l o c a l d i s ­
t a n c e s p a c e . 
TL . - = l im I L ( f | [ t ,




 c - t i - 1 1 
IL = TL ( f I [ t . . , c . J) + l im I L ( f I [ c . , c l ) 
i - 1 l - l i c^»t . - 1 
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TL 
i - 1 
TL ( f 
IL i _ l ^ lCti_1,c±]> + f ( c . ) f ( t i ) 
n 
V Thus, IL 
i - 1 ) f ( t ' ) f ( t " ) + f ( c ) f ( t ) , A T I ) 
and ( 7 ) f o l l ows from t h e d e f i n i t i o n o f I L ( f ) . 
We have assumed t h a t A ^ A - ^ - The combinat ion o f the i n e q u a l i t i e s 
( 6 ) and ( 7 ) p r o v e s c o n c l u s i o n two f o r t h e c a s e t h a t TL ( f ) i s f i n i t e . 
The m o d i f i c a t i o n s f o r t h e n o n - f i n i t e c a s e a r e e v i d e n t . 
S i n c e t h e s e l e c t i o n o f t h e p a r t i t i o n A ^ depends on t h e f i n i t e 
c o v e r U ( l ) , . . . , U ( k ) , t h e l e n g t h o f t h e p a r a m e t r i c c u r v e f s t i l l a p p e a r s 
t o depend on t h i s c o v e r . We a r g u e now t h a t l e n g t h i s independent o f t h e 
c o v e r . 
L e t U ' ( 1 ) , . . . , U ' ( k ' ) be a second f i n i t e c o v e r o f t h e range o f t h e 
p a r a m e t r i c c u r v e f (a s b e f o r e , each o f the s e t s U ' ( ! ) , . . . , U ' ( k ' ) i s 
d e f i n i t i o n o f l o c a l d i s t a n c e s p a c e ) . Denote by I L 1 ( f ) t h e l e n g t h 
( d e f i n e d as a b o v e ) o f the c u r v e f which depends on the c o v e r 
U' ( 1 ) , . . . ,U ' ( k 1 ) . L e t A , ' be a p a r t i t i o n o f [ a , b ] so t h a t 
f ( t ' ) f ( t " ) where t ' and t " a r e s u c c e s s i v e t imes in t h e p a r t i t i o n A . L e t 
s e l e c t e d from t h e fami ly 
The symbols f ( t ' ) f ( t " ) denote a sum of a l l e l ements o f t h e form 
A " I t i s e v i d e n t t h a t 
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and 
J X ' ( f ) = s u p { ^ f ( t ' ) f ( t " ) | A ^ A ^ } . 
Thus, IL 1 ( f ) = I L ( f ) , and l e n g t h i s shown t o depend only on t h e c u r v e f 
and not on a p a r t i c u l a r f i n i t e c o v e r o f i t s r a n g e . 
A l i n e segment f which j o i n s t h e p o i n t s x and y i n t h e m a n i f o l d ­
l i k e l o c a l d i s t a n c e s p a c e X has l e n g t h equa l t o t h e l o c a l d i s t a n c e 
between x and y , i . e . , TL ( f ) = x y . This s t a t e m e n t i s a consequence o f 
t h e p r o p o s i t i o n above and t h e d e f i n i t i o n o f a l i n e segment. 
A p a r a m e t r i c c u r v e f i n t h e m a n i f o l d - l i k e l o c a l d i s t a n c e s p a c e X 
i s c a l l e d r e c t i f i a b l e i f i t has f i n i t e l e n g t h . 
The u s u a l p r o p e r t i e s o f l e n g t h o f c u r v e s may be proved f o r p a r a ­
m e t r i c c u r v e s in a m a n i f o l d - l i k e l o c a l d i s t a n c e s p a c e . F o r example , l e t 
f be a p a r a m e t r i c c u r v e wi th domain t h e c l o s e d i n t e r v a l [ a , b ] and range 
a s u b s e t o f t h e m a n i f o l d - l i k e l o c a l d i s t a n c e s p a c e X . L e t c be a r e a l 
number in t h e i n t e r v a l [ a , b j . Then 
J X ( f ) = I L ( f | [ a , c ] ) + 3L ( f | [ c , b ] ) . 
This e q u a t i o n fo l l ows from t h e p r o p o s i t i o n o f t h i s s u b s e c t i o n . 
Suppose t h a t t h e c u r v e f i s r e c t i f i a b l e . L e t s ( t ) = TL ( f | £ a , t | ) ; 
then s ( t ) i s f i n i t e f o r each t i n t h e i n t e r v a l £ a , b j . The f u n c t i o n s i s 
a c o n t i n u o u s , n o n - d e c r e a s i n g , r e a l - v a l u e d f u n c t i o n . I f t h e f u n c t i o n s i s 
s t r i c t l y i n c r e a s i n g , we say t h a t t h e r e c t i f i a b l e c u r v e f i s nowhere 
c o n s t a n t . 
I f X i s a Riemann m a n i f o l d o f c l a s s C^, q - 2 , wi th l o c a l d i s t a n c e 
g i v e n by l e n g t h o f s h o r t e s t c u r v e s , then t h e r e a r e two d i f f e r e n t d e f i n i ­
t i o n s o f l e n g t h o f a p a r a m e t r i c c u r v e . I f t h e two d e f i n i t i o n s o f l e n g t h 
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do not yield the same values, then it is possible that the two defini­
tions of the term "nowhere constant" (see above and Subsection 2.4.3) 
yield different results. The next subsection is devoted to determining 
relations between the two concepts of length in a Riemann manifold. 
3 .1.3. Length in Riemann Manifolds of Class , q = 2 . 
Let X denote a Riemann manifold of class C^, q - 2 . Then length 
of geodesies joining neighboring points gives a local distance on X. The 
local distance space X is manifold-like. Using this local distance, we 
may define length of parametric curves as described in the previous sub­
section. Denote by TX(f) this new length of the parametric curve f. Let 
L(f) denote the length defined before by 
D N J-
(Def) L(f) = j| | £ xij(f(t))f1(t)fJ(t)"i 2 dt 
a i,J=l 
(see Subsection 2.4.3). 
We wish to compare the definitions IL (f) and L(f). Let the times 
a = t < t n < . . . < t , < t = b be selected so that a shortest o 1 m-l m 
curve joins f(t^_^) to f(t^) for i = l,...,m. Let the parametric curve 
g be defined for t in the interval [a,b] so that g | [t.j__]_, t."] is the 
aforementioned shortest curve joining f(t^_^) to f(t^), i = l,...,m. 
We may assume, without loss of generality, that g | £t^ ]_»t.J is a geo­
desic as defined in Section 2.4 (this amounts to a particular choice of 
parameterization). Then g is continuous on each interval [tj__]_, t. J , 
i = 1, ..., m, and 
m t 
k=l t,
 n i,i=l dt 
'k-1 




The l a s t i n e q u a l i t y , combined with t h e p r o p o s i t i o n o f the p r e v i o u s sub­
s e c t i o n , y i e l d s t h e i n e q u a l i t y L ( f ) = I L ( f ) . I f the p a r a m e t r i c c u r v e f 
i s nowhere c o n s t a n t in t h e sense o f t h e p r e v i o u s s u b s e c t i o n and i f L ( f ) 
i s m e a n i n g f u l , then f i s nowhere c o n s t a n t in the s ense o f S e c t i o n 2 . 4 . 
Let g be a p a r a m e t r i c c u r v e wi th domain [a ,b ] . Suppose g j o i n s the 
p o i n t s x t o y ( i . e . , g ( a ) = x and g ( b ) = y ) and has minimal TL-length; 
t h a t i s , IL ( g ) - 3 L ( f ) f o r any p a r a m e t r i c c u r v e f j o i n i n g x t o y . Le t 
s ( t ) = TL (g | [ a , t ] ) 
and 
G ( s ) = g ( t ( s ) ) , 
where t ( s ) = \11s ( t ) = s f. The f u n c t i o n G i s de f ined and 
v
 o ^ 1 o J 
c o n t i n u o u s on [o,]L(g)] wi th X, (G) = I L ( g ) , G ( 0 ) = x , and G(TL ( g ) ) = y . 
S i n c e t h e p a r a m e t r i c c u r v e G has minimal l e n g t h , G s a t i s f i e s 
t h e e q u a t i o n 
G ( s 1 ) G ( s 2 ) = \ S 1 - s 2 | 
f o r s u f f i c i e n t l y s m a l l | s ^ - s 2 | . To see t h i s e q u a t i o n , we n o t e t h a t in 
any c a s e G ( s ^ ) G ( s 2 ) - | s ^ - s 2 | f o r s u f f i c i e n t l y smal l | s ^ - s 2 | . I f 
s t r i c t i n e q u a l i t y ho lds f o r a l l s m a l l | s ^ - s 2 | , t h e c u r v e G cou ld be 
r e p l a c e d by one o f s m a l l e r l e n g t h . 
From t h e d e f i n i t i o n o f I L - l e n g t h and from t h e l o c a l d i s t a n c e on X 
i t f o l l ows t h a t t h e p a r a m e t r i c c u r v e G i s a g e o d e s i c o f t h e Riemann mani­
f o l d . T h e r e f o r e , t h e f u n c t i o n G i s c o n t i n u o u s on [ 0 , L ( g ) , , and 
L(G | [ S L , S 2 ] ) = G ( S ; L ) G ( s 2 ) 
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f o r js-^ - s 2 ] s u f f i c i e n t l y s m a l l . Thus, 
EL (G) = L(G) . 
These arguments have e s t a b l i s h e d 
P r o p o s i t i o n 1 . I f g i s a p a r a m e t r i c c u r v e wi th domain [ a , b ] and 
w i t h l e a s t I L - l e n g t h o f a l l c u r v e s which j o i n x t o y in X , then t h e r e i s 
a p a r a m e t r i c c u r v e G wi th domain |*0, JJ_,(g)J f o r which t h e fo l lowing 
e q u a t i o n s h o l d ; 
G ( 0 ) = x = g ( a ) , 
G(X ( g ) ) = y = g ( b ) , 
TL(G\[0,s]) = s = L ( G | [0,s]), 
L ( G | [ 0 , s ( t ) ] ) = s ( t ) = T X ( g | [ a , t ] ) , 
and ]L ( g ) = L(G) . 
F u r t h e r m o r e , G i s a g e o d e s i c o f t h e Riemann mani fo ld and 
n 
/ X i . ( G ( s ) ) G i ( s ) G j ( s ) = 1 
f o r a l l s i n fo,L(G)]. 
From P r o p o s i t i o n 1 and t h e i n e q u a l i t y IL ( f ) ~ L ( f ) , we have t h e 
C o r o l l a r y . Among a l l p a r a m e t r i c c u r v e s j o i n i n g t h e p o i n t s 
x and y , t h e c u r v e G has t h e l e a s t L - l e n g t h . 
In v iew of t h i s c o r o l l a r y , f i n d i n g a p a r a m e t r i c c u r v e of l e a s t 
L - l e n g t h becomes a problem o f f ind ing a c u r v e o f l e a s t I L - l e n g t h . I t i s 
t h e l a t t e r problem t h a t we s h a l l s o l v e . 
Agreement has been e s t a b l i s h e d between L - and I L - l e n g t h only f o r 
s p e c i a l p a r a m e t r i c c u r v e s , i . e . , g e o d e s i e s . In f a c t , a more g e n e r a l 
s t a t e m e n t can be made. 
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P r o p o s i t i o n 2. I f g i s a p i e c e w i s e smooth p a r a m e t r i c c u r v e def ined 
on [ a , b ] , then L ( g ) = I L ( g ) . 
A p r o o f may be c o n s t r u c t e d as in [R; pp. 1 3 5 - 1 3 8 ] . S i n c e t h i s 
p r o p o s i t i o n p l a y s no r o l e in our development , we omit i t s p r o o f . 
From P r o p o s i t i o n 1 we see t h a t i f a c u r v e i s nowhere c o n s t a n t with 
r e s p e c t t o I L - l e n g t h ( i . e . , nowhere c o n s t a n t as de f ined in t h i s s e c t i o n ) , 
then i t i s nowhere c o n s t a n t wi th r e s p e c t t o L - l e n g t h (as def ined in Sub­
s e c t i o n 2 . 4 . 3 ) ) . Of c o u r s e we assume t h a t t h e c u r v e i s ( p i e c e w i s e ) 
smooth. From P r o p o s i t i o n 2 we see t h a t t h e two d e f i n i t i o n s a c t u a l l y 
a g r e e on ( p i e c e w i s e ) smooth c u r v e s . 
S i n c e P r o p o s i t i o n 2 has not been e s t a b l i s h e d , we s h a l l h e n c e f o r t h 
u n d e r s t a n d t h e t erm nowhere c o n s t a n t i n t h e s ense def ined in t h i s s e c t i o n . 
As we have j u s t a r g u e d , t h i s new meaning i s an e x t e n s i o n and not a c o n t r a ­
d i c t i o n o f t h e o ld o n e . 
3.2. I n t r i n s i c D i s t a n c e 
In t h i s s e c t i o n we assume t h a t t h e t o p o l o g i c a l space X i s a 
m a n i f o l d - l i k e l o c a l d i s t a n c e s p a c e which i s a l s o l o c a l l y convex ( s e e 
S e c t i o n s 2 . 1 and 3 . 1 ) , and we show t h a t a d i s t a n c e can be def ined on X 
which a g r e e s wi th t h e l o c a l d i s t a n c e "in t h e s m a l l . " 
Under t h e g e n e r a l assumptions o f t h i s s e c t i o n , any two p o i n t s of 
X may be j o i n e d by a r e c t i f i a b l e p a r a m e t r i c c u r v e . F o r l e t x be any 
p o i n t o f X , and l e t A ( x ) denote t h e s e t of p o i n t s of X which can be 
j o i n e d t o x by a r e c t i f i a b l e c u r v e . To prove t h e a s s e r t i o n , we need 
only show t h a t t h e s e t A ( x ) i s t h e s p a c e X. 
The s e t A ( x ) i s non-empty — in f a c t i t c o n t a i n s a ne ighborhood of 
t h e p o i n t x (by l o c a l c o n v e x i t y o f X ) . The s e t A ( x ) i s open. F o r l e t y 
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be a p o i n t o f A ( x ) . Then by l o c a l c o n v e x i t y t h e r e i s a ne ighborhood U 
o f t h e p o i n t y such t h a t any p o i n t o f U can be j o i n e d t o y by a l i n e s e g ­
ment . C l e a r l y , any p o i n t o f U can be j o i n e d t o x by a r e c t i f i a b l e c u r v e 
p a s s i n g through y . Thus , t h e ne ighborhood U i s a subse t o f A ( x ) . S i n c e 
t h e p o i n t y i s a r b i t r a r y , t h e s e t A ( x ) i s open. 
A s i m i l a r argument shows t h a t t h e s e t A ( x ) i s c l o s e d . But 
X = [X - A ( x ) ] V 7 A ( x ) 
wi th t h e s e t s A ( x ) and X - A ( x ) both be ing open. S i n c e t h e s p a c e X i s 
c o n n e c t e d ( s e e d e f i n i t i o n o f m a n i f o l d - l i k e l o c a l d i s t a n c e s p a c e s ) and s i n c e 
t h e s e t A ( x ) i s non-empty , the s e t X - A ( x ) must be empty. In o t h e r words , 
t h e s e t A ( x ) c o n t a i n s t h e s p a c e X and t h e p o i n t x may be j o i n e d t o any 
p o i n t y o f X by a r e c t i f i a b l e c u r v e . S i n c e the p o i n t x was a r b i t r a r i l y 
s e l e c t e d , we have e s t a b l i s h e d t h e a s s e r t i o n . 
In a s i m i l a r f a s h i o n we may show t h a t any two d i s t i n c t p o i n t s o f 
t h e s p a c e X may be j o i n e d by a nowhere c o n s t a n t r e c t i f i a b l e c u r v e — even 
a nowhere c o n s t a n t p o l y g o n a l c u r v e . By a p o l y g o n a l c u r v e we mean a p a r a ­
m e t r i c c u r v e composed of a f i n i t e number o f l i n e segments . 
F o r each p a i r o f p o i n t s x and y in t h e l o c a l d i s t a n c e s p a c e X , l e t 
d ( x , y ) denote the r e a l number i n f I^L ( f ) j w h e r e t h e infimum i s taken o v e r 
a l l c u r v e s j o i n i n g t h e p o i n t s x and y . The f u n c t i o n d i s a d i s t a n c e which 
we s h a l l c a l l t h e i n t r i n s i c d i s t a n c e on X . A l t e r n a t e l y , we c o u l d have 
de f ined d as t h e infimum o v e r a l l nowhere c o n s t a n t c u r v e s j o i n i n g x and 
y o r as t h e infimum o v e r a l l p o l y g o n a l c u r v e s j o i n i n g x and y . 
The on ly p r o p e r t y o f a d i s t a n c e f u n c t i o n which i s n o t , p e r h a p s , 
e v i d e n t i s t h e t r i a n g l e i n e q u a l i t y ( s e e S u b s e c t i o n 2 . 1 . 2 ) ; t h a t i s , f o r 
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any t h r e e p o i n t s x , y , and z o f X 
d ( x , z ) = d ( x , y ) + d ( y , z ) . 
Let e be a p o s i t i v e number; l e t t h e c u r v e s f and g be s e l e c t e d so t h a t 
t h e i r domains a r e [ 0 , l ] and [ l , 2 ] , r e s p e c t i v e l y , wi th f ( 0 ) = x , wi th 
f ( l ) = y = g ( l ) , w i th g ( 2 ) = z , w i th TL ( f ) < d ( x , y ) +
 e / 2 , and wi th 
~L ( g ) < d ( y , z ) + e / 2 . Let t h e f u n c t i o n F be de f ined by 
F ( t ) = 
f ( t ) , 0 = t ^ 1 
| g ( t ) , 1 < t = 2 . 
t 
Then, d ( x , z ) = TL ( F ) = TL ( f ) + TL ( g ) o r 
d ( x , z ) = d ( x , y ) + d ( y , z ) + e . 
S i n c e t h e p o s i t i v e number e can be s e l e c t e d a r b i t r a r i l y , t h e t r i a n g l e 
i n e q u a l i t y f o l l o w s . 
The n e x t two p r o p o s i t i o n s y i e l d r e l a t i o n s between t h e l o c a l d i s ­
t a n c e on X and t h e c o r r e s p o n d i n g i n t r i n s i c d i s t a n c e . Under t h e g e n e r a l 
a s sumpt ions o f t h e s e c t i o n we have t h e 
P r o p o s i t i o n 1 . F o r any f i x e d x o f X , t h e f u n c t i o n o f y , d ( x , y ) , 
i s c o n t i n u o u s in y w i t h r e s p e c t t o l o c a l d i s t a n c e . F u r t h e r , i f t h e l o c a l 
o o o 
d i s t a n c e xy i s s u f f i c i e n t l y s m a l l , then d ( x , y ) = x y . 
P r o o f . We show t h a t d ( x , y ) i s c o n t i n u o u s a t the p o i n t y i n X . 
L e t U(y) be a ne ighborhood o f y such t h a t l i n e segments j o i n any p a i r 
o f i t s p o i n t s ; the l e n g t h o f a l i n e segment j o i n i n g y t o y i s yy ( s e e 
t h e d e f i n i t i o n o f l i n e s e g m e n t s ) . By d e f i n i t i o n o f d ( y , y ) we have t h e 
i n e q u a l i t y 
o ^ o 
d ( y , y ) = y y . 
S i n c e t h e f u n c t i o n d i s a d i s t a n c e f u n c t i o n , we know t h a t 
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j d(x,y") - d ( x , y ) | < d ( y , y ) . 
The l a s t two i n e q u a l i t i e s imply t h e p r o p o s i t i o n . 
P r o p o s i t i o n 2 . Any p o i n t x h a s a ne ighborhood , denoted h e r e by 
U ( x ) , so t h a t , f o r each p o i n t y in U ( x ) , we have t h e e q u a l i t y 
d ( x , y ) = x y . 
P r o o f . S i n c e X i s m a n i f o l d - l i k e , t h e p o i n t 5 h a s a neighborhood 
S ( x , 6 Q ) on whose c l o s u r e the l o c a l d i s t a n c e i s de f ined ( s e e P r o p e r t y 1 
i n the d e f i n i t i o n o f m a n i f o l d - l i k e l o c a l d i s t a n c e s p a c e in S u b s e c t i o n 
3 . 1 . 2 ) . L e t y d e n o t e a p o i n t i n S ( X , 6 q ) . I f a p a r a m e t r i c c u r v e j o i n i n g 
x t o y remains w i t h i n the s e t S ( X , 6 q ) , the r e p e a t e d a p p l i c a t i o n o f the 
t r i a n g l e i n e q u a l i t y shows t h a t the l e n g t h o f t h i s c u r v e i s n o t l e s s than 
the l o c a l d i s t a n c e x y . O t h e r w i s e , t h e c u r v e w i l l have a p o i n t in common 
w i t h t h e boundary o f S ( x , 6 ) . By boundary o f a s e t W we mean the s e t 
(Def) bdry(W) = cl(W)Acl(X - W) , 
where ( r e c a l l ) c l ( W ) denotes t h e c l o s u r e o f t h e s e t W. 
I f t h e c u r v e j o i n i n g x t o y h a s such a p o i n t in common with t h e 
s e t b d r y ( S ( x , 6 ) ) , then i t has l e n g t h e x c e e d i n g 6 Q ( a g a i n by t h e t r i a n g l e 
i n e q u a l i t y ) . In both c a s e s t h e c u r v e has l e n g t h not l e s s t h a n t h e l o c a l 
d i s t a n c e x y . Thus , f o r p o i n t s y i n t h e s e t S ( x , 6 0 ) , we h a v e t h e i n e q u a l ­
i t y 
d ( x , y ) - x y . 
Combined wi th P r o p o s i t i o n 1 , t h i s i n e q u a l i t y y i e l d s t h e a s s e r t i o n o f 
P r o p o s i t i o n 2 . 
We have s t i l l n o t used t h e compactnes s o f t h e sphere S ( x , & Q ) . 
This p r o p e r t y does n o t p l a y a r o l e u n t i l l a t e r . 
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3 . 3, D i s t a n c e Topology 
In t h e p r e v i o u s s e c t i o n we i n t r o d u c e d a d i s t a n c e in a l o c a l d i s ­
t a n c e s p a c e \tfhich y i e l d s t h e same l e n g t h as t h e l o c a l d i s t a n c e . In t h i s 
s e c t i o n we i n v e s t i g a t e t h e r e l a t i o n between p r o p e r t i e s o f d i s t a n c e s p a c e s 
and e x i s t e n c e o f c u r v e s o f l e a s t l e n g t h . 
3 . 3 . 1 . Length and D i s t a n c e Spaces 
Let X be a d i s t a n c e s p a c e wi th d i s t a n c e between i t s p o i n t s x and 
y denoted by x y . Le t f denote a p a r a m e t r i c c u r v e in X with domain t h e 
c l o s e d i n t e r v a l [a,b} . Suppose t h a t f i s r e c t i f i a b l e wi th l e n g t h denoted 
by I L ( f ) . Def ine as b e f o r e ( s e e S u b s e c t i o n 3 . 1 . 2 ) t h e c o n t i n u o u s and 
n o n - d e c r e a s i n g f u n c t i o n s by 
s ( t ) = L L ( f | [ a , t ] ) . 
Le t t h e f u n c t i o n g be de f ined on t h e i n t e r v a l [ 0 , l ] by 
gOO = f ( t ) 
where 
TIL ( f ) = U ( f | [ a , t ] ) . 
The f u n c t i o n g i s a p a r a m e t r i c c u r v e in X and s a t i s f i e s t h e L i p s c h i t z 
c o n d i t i o n 
gC!)g(T2) - TL(f)\rl - T 2 | . 
The p a r a m e t r i c c u r v e g i s c a l l e d t h e normal p a r a m e t e r i z a t i o n o f t h e c u r v e 
f . As s h o r t h a n d we denote t h e normal p a r a m e t e r i z a t i o n o f t h e c u r v e f by f . 
To s e e t h a t t h e f u n c t i o n g s a t i s f i e s a L i p s c h i t z c o n d i t i o n , we 
a r g u e only t h e c a s e t h a t t h e f u n c t i o n f i s nowhere c o n s t a n t . In t h i s c a s e 
t h e f u n c t i o n T ( t ) de f ined above i s a c o n t i n u o u s and s t r i c t l y i n c r e a s i n g 
f u n c t i o n wi th r a n g e t h e i n t e r v a l [o,lJ . F u r t h e r , t h e f u n c t i o n g(T ) i s 
g i v e n by 
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g ( T ) = f ( t ( T ) ) 
where t ( r ) i s t h e c o n t i n u o u s i n v e r s e t o T ( t ) . E v i d e n t l y , 
g ( T 1 ) g ( T 2 ) = f ( t 1 ) f ( t 2 ) = | s C t p - S ( t 2 ) | 
where t . = t ( T . ) , i = 1 , 2 . But l l 
s(t±) = 3 L ( f ) T i , i = 1 , 2 ; 
so 
g ( T 1 ) g ( T 2 ) = 3L ( f ) | T 1 - T 2 | . 
I f f i s n o t "nowhere c o n s t a n t , " t h e argument i s s i m i l a r . There 
must be changes t o a c c o u n t f o r t h e f a c t t h a t t ( t ) i s not a r e a l - v a l u e d 
f u n c t i o n . S i n c e t h e f u n c t i o n f i s indeed c o n s t a n t where r ( t ) has no 
r e a l - v a l u e d i n v e r s e f u n c t i o n , a s i m i l a r argument works in t h i s second 
c a s e . 
L e t F denote a fami ly o f p a r a m e t r i c c u r v e s each hav ing l e n g t h 
A 
not e x c e e d i n g t h e p o s i t i v e r e a l number M. We s i g n i f y by IF t h e c o r r e s ­
ponding f a m i l y o f normal p a r a m e t e r i z a t i o n s . I f T ^ and T"2 a r e r e a l 
numbers in t h e c l o s e d i n t e r v a l [ 0 , l ] w i th | T i ~ < M e , then 
A A 
f ( T ^ ) f ( T 2 ) 6 f o r any c u r v e f in I F . This s t a t e m e n t fo l lows from t h e 
L i p s c h i t z c o n d i t i o n s a t i s f i e d by normal p a r a m e t e r i z a t i o n s and t h e upper 
bound M. 
Any f a m i l y o f f u n c t i o n s IFwi th domain t h e d i s t a n c e s p a c e X and 
r a n g e a s u b s e t o f t h e d i s t a n c e s p a c e Y (both d i s t a n c e s w i l l be denoted 
by j u x t a p o s i t i o n ) i s c a l l e d e q u i c o n t i n u o u s i f f o r any p o s i t i v e number e , 
t h e r e i s a p o s i t i v e number 6 (depending only on c ) such t h a t f ( x ) f ( z ) < g 
whenever xz < 6 ( e i s independent o f t h e f u n c t i o n f ) . 
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In t h e p r e c e d i n g s e c t i o n we i n t r o d u c e d a d i s t a n c e , c a l l e d the 
i n t r i n s i c d i s t a n c e , on a c o n n e c t e d , l o c a l l y c o n v e x , m a n i f o l d - l i k e l o c a l 
d i s t a n c e s p a c e . This d i s t a n c e i s t h e infimum of l e n g t h s o f c u r v e s j o i n ­
ing t h e p o i n t s o f t h e s p a c e . We ask i f t h i s infimum i s r e a l i z e d f o r some 
c u r v e . Our approach g i v e s a p a r t i a l answer i f t h e p o i n t s a r e s u f f i c i e n t l y 
c l o s e ( i . e . , l i n e s e g m e n t s ) . S i m i l a r q u e s t i o n s have been answered (under 
a p p r o p r i a t e h y p o t h e s e s ) by use o f t h e theorem o f A r z e l a and A s c o l i . 
In o r d e r t o s t a t e t h i s theorem, we i n t r o d u c e a d d i t i o n a l c o n c e p t s 
from d i s t a n c e t o p o l o g y . 
3 . 3 . 2 . Complete and F i n i t e l y Compact D i s t a n c e S p a c e s . 
A sequence o f p o i n t s i x I in t h e d i s t a n c e s p a c e X i s c a l l e d a 
l n J h
€
S 
Cauchy sequence i f f o r any p o s i t i v e number e , t h e r e i s an i n t e g e r N so 
t h a t whenever i n t e g e r s n and m exceed N, t h e i n e q u a l i t y x n x m < e h o l d s . 
I f X i s a l o c a l d i s t a n c e s p a c e , t h e d e f i n i t i o n i s meaningfu l wi th t h e 
u n d e r s t a n d i n g t h a t t h e d i s t a n c e between t h e p o i n t s x n and must be 
de f ined f o r a l l s u f f i c i e n t l y l a r g e i n t e g e r s n and m. In a d i s t a n c e space 
o r a m a n i f o l d - l i k e l o c a l d i s t a n c e s p a c e , any c o n v e r g i n g sequence i s a 
Cauchy s e q u e n c e . I f , c o n v e r s e l y , any Cauchy sequence c o n v e r g e s , we say 
t h a t the d i s t a n c e s p a c e o r l o c a l d i s t a n c e s p a c e i s c o m p l e t e . 
I f a subsequence o f a Cauchy sequence c o n v e r g e s t o a p o i n t , then 
e v i d e n t l y t h e sequence c o n v e r g e s t o t h e same p o i n t . From t h i s s t a t e m e n t 
and t h e a l t e r n a t e c h a r a c t e r i z a t i o n o f a compact t o p o l o g i c a l s p a c e ( i n 
terms o f s e q u e n c e s ) g i v e n in S e c t i o n 2 . 4 , i t f o l lows t h a t a compact s p a c e 
i s c o m p l e t e . 
A s e t B in a d i s t a n c e s p a c e X i s c a l l e d bounded i f 
Supfxyl x £ B , y e B | <QD . 
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In E u c l i d e a n n - s p a c e a bounded, c l o s e d s e t i s compact . This s t a t e m e n t i s 
not t r u e in g e n e r a l d i s t a n c e s p a c e s . However, E u c l i d e a n n - s p a c e i s com­
p l e t e and m a n i f o l d - l i k e . I t t u r n s out t h a t in any c o m p l e t e , m a n i f o l d - l i k e 
i n t r i n s i c d i s t a n c e s p a c e , a bounded c l o s e d s e t i s compac t . F o r a more 
g e n e r a l s t a t e m e n t and p r o o f s e e ( r ; p . 1 7 2 ] . Any d i s t a n c e s p a c e w i l l be 
c a l l e d f i n i t e l y compact i f a l l bounded c l o s e d s e t s a r e compact . 
F o r s i m p l i c i t y we s h a l l assume, where needed, t h a t our d i s t a n c e 
s p a c e i s f i n i t e l y c o m p a c t . Any compact d i s t a n c e s p a c e i s f i n i t e l y com­
p a c t . As in E u c l i d e a n n - s p a c e , a f i n i t e l y compact d i s t a n c e s p a c e i s 
c o m p l e t e . 
3 . 3 . 3 . D i s t a n c e Spaces o f F u n c t i o n s — P a r a m e t r i c Curves 
A f u n c t i o n whose r a n g e i s a bounded s e t w i l l be c a l l e d bounded. 
L e t F be a fami ly o f bounded f u n c t i o n s each hav ing domain t h e s e t T and 
r a n g e a s u b s e t o f t h e d i s t a n c e s p a c e X. F o r f u n c t i o n s f and g in IF , l e t 
(Def) fg = s u p { f ( t ) g ( t ) | t e T J . 
The mapping ( f , g ) fg i s a n o n - n e g a t i v e r e a l - v a l u e d f u n c t i o n . S i n c e each 
f u n c t i o n f and g i s bounded, t h e t r i a n g l e i n e q u a l i t y i m p l i e s t h a t f g < 0 0 . 
This r e l a t i o n y i e l d s a d i s t a n c e on E F c a l l e d t h e d i s t a n c e o f uni form c o n ­
v e r g e n c e . I f T i s a compact d i s t a n c e s p a c e , i f X i s c o m p l e t e , and i f C 
denotes t h e s e t o f a l l c o n t i n u o u s f u n c t i o n s w i t h domain T and wi th r a n g e 
a s u b s e t o f X , then t h e s p a c e C wi th t h e d i s t a n c e o f uniform c o n v e r g e n c e 
i s c o m p l e t e ( s e e [ R ; pp. 6 5 - 6 6 ] ) . A p r o o f o f t h i s f a c t can be c o n s t r u c t e d 
as in a n a l y s i s . 
We r e q u i r e t h e f o l l o w i n g well-known 
Lemma ( A r z e l a and A s c o l i ) . Le t T be a d i s t a n c e s p a c e wi th a 
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c o u n t a b l e b a s e ; l e t X denote a f i n i t e l y compact s p a c e ; and l e t IF denote 
a fami ly o f c o n t i n u o u s f u n c t i o n s wi th domain T and r a n g e a s u b s e t o f X . 
Then t h e fo l l owing two s t a t e m e n t s a r e e q u i v a l e n t . 
1 . The c l o s u r e o f IF i s a compact subse t o f C 
(with t h e d i s t a n c e o f uni form c o n v e r g e n c e ) . 
2 . The fami ly IF i s e q u i c o n t i n u o u s and t h e s e t 
T F ( T ) , 
(Def) TF (T) = [ y | y = f ( t ) , f e i F , t e T J , 
i s bounded. 
F o r a p r o o f o f t h i s theorem see [R; pp. 7 8 - 8 1 ] . The s t a t e m e n t o f 
t h i s theorem in [R] i s more g e n e r a l than t h a t g iven above . 
In v iew o f t h e d i s c u s s i o n i n . S u b s e c t i o n s One and Two, we have t h e 
f o l l o w i n g 
C o r o l l a r y . L e t X be f i n i t e l y c o m p a c t , and l e t IF denote a fami ly 
o f p a r a m e t r i c c u r v e s each having l e n g t h n o t e x c e e d i n g t h e p o s i t i v e number 
M. Suppose f o r each f u n c t i o n f in IF t h e r e i s a r e a l number t ^ in t h e 
domain o f f so t h a t t h e s e t ff(t^) | feIFJ i s bounded. As b e f o r e , denote 
by IF t h e f a m i l y o f normal p a r a m e t e r i z a t i o n s o f c u r v e s in IF . Then IF 
has compact c l o s u r e in t h e s p a c e o f cont inuous f u n c t i o n s w i th t h e d i s t a n c e 
o f uni form c o n v e r g e n c e . 
P r o o f . I f N i s a bound f o r t h e s e t (f(t f ) | f eIF j , then M + N i s 
a bound f o r T ^ f ( t ) | feTF , t e domain (f)J . 
Thus M + N i s a bound f o r I F [ 0 , l ] . R e c a l l t h a t IF i s e q u i c o n ­
t i n u o u s , and apply t h e A r z e l a and A s c o l i lemaia. 
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3 . 3 . 4 . Length o f P a r a m e t r i c Curves as a Lower Semi-Continuous 
F u n c t i o n ; E x i s t e n c e o f Minimal Curves 
With t h e d i s t a n c e o f uni form c o n v e r g e n c e , l e t c £ a , b ] denote t h e 
s e t o f p a r a m e t r i c c u r v e s in X which have domain t h e c l o s e d i n t e r v a l [ a , b ] 
00 
Let j f \ _ Q be a sequence o f p a r a m e t r i c c u r v e s in C [ a , b ] w i th l im f n = f 
Then l im ] L ( f n ) - TL ( f Q ) where l im denotes l i m i t i n f e r i o r ( t h e i n e q u a l i t y 
i s t o be i n t e r p r e t e d in an e v i d e n t f a s h i o n i f any o f t h e q u a n t i t i e s a r e 
n o t f i n i t e ) . 
F o r l e t e be a p o s i t i v e number, and l e t t h e p a r t i t i o n o f t h e 
c l o s e d i n t e r v a l [ a , b ] , A g = ^tQi . . . , tm"j , be s e l e c t e d so t h a t m 
f o ( t i - l ) f o ( t i > > F ( f o > - s ' 3 
(> A i f IF ( f Q ) i s n o t f i n i t e ) . S i n c e the sequence | f n ( t ^ ) | * c o n ­
v e r g e s t o f Q ( t ^ ) f o r each i = 0 , 1 , . . . m , t h e r e i s a p o s i t i v e i n t e g e r 
N so t h a t
 m 
V l - l ^ n * ^ £ o< t l - l ) £ o( t i> * 6 / 3 
f o r n = N. Thus, 
m 
a
 ( V s ^ f n< t l- l> f n< t l> > I L ( f o ) - 2 e / 3 
( > l / e - e / 3 i f I L ( f 0 ) i s no t f i n i t e ) . P a s s i n g t o t h e l i m i t , we have 
l im TL(f ) > I L ( f ) -
 e 
n 0 
( > l / e - e / 2 i f I L ( f Q ) i s no t f i n i t e ) . S i n c e e i s an a r b i t r a r y p o s i t i v e 
number, t h e r e s u l t i s a consequence o f t h e l a s t i n e q u a l i t y . 
A f u n c t i o n f w i th domain a d i s t a n c e s p a c e T and r a n g e a s u b s e t o f 
t h e e x t e n d e d r e a l numbers i s c a l l e d lower s e m i - c o n t i n u o u s on T i f 
86 
l im f ( t n ) - f ( t Q ) f ° r a n y sequence | t n j n _Q with l im t R = t Q . We 
have argued t h a t I L - l e n g t h i s a lower s e m i - c o n t i n u o u s f u n c t i o n . 
I f f i s a lower s e m i - c o n t i n u o u s f u n c t i o n wi th domain t h e d i s t a n c e 
s p a c e T and i f t h e s e t A i s a compact s u b s e t o f T, then t h e r e i s a p o i n t 
t Q in t h e s e t A such t h a t 
f ( t Q ) = i n f [f(t) | t e A J . 
F o r l e t L = infjf(t) | t e A J and l e t t h e sequence o f p o i n t s from A, 
•:t f , , be s e l e c t e d so t h a t 
L n j n = l ' 
l im f ( t n ) = L . 
S i n c e A i s c o m p a c t , we may suppose w i thout l o s s o f g e n e r a l i t y t h a t 
l im t = t , and ( t h e r e f o r e ) t „ i s a p o i n t o f t h e s e t A. Thus, 
n o o r * 




 n ' n 
and t h e s t a t e m e n t i s p r o v e d . 
In v iew o f t h e c o r o l l a r y t o t h e A r z e l a and A s c o l i lemma, i f X i s 
f i n i t e l y compact and i f t h e p o i n t s x and y o f X can be j o i n e d by a c u r v e 
o f f i n i t e l e n g t h , say l e n g t h M, then t h e r e i s a c u r v e j o i n i n g x and y 
which h a s minimal l e n g t h . F o r a c c o r d i n g t o t h e c o r o l l a r y , t h e s e t o f 
p a r a m e t r i c c u r v e s 
c l (f| f ( 0 ) = x , f ( l ) = y , 3 X ( f ) = ^ 
( r e c a l l t h a t c l ( A ) denote s t h e c l o s u r e o f t h e s e t A ) , where f denotes 
normal p a r a m e t e r i z a t i o n , i s c o m p a c t . S i n c e IL i s lower s e m i - c o n t i n u o u s , 
and s i n c e t h e s e t o f p a r a m e t r i c c u r v e s g iven above i s c o m p a c t , t h e r e i s 
a c u r v e f 0 in t h e s e t which has minimal I L - l e n g t h . Such a c u r v e we c a l l 
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a minimal c u r v e . 
3 . 3 . 5 . A p p l i c a t i o n t o M a n i f o l d - l i k e , L o c a l D i s t a n c e Spaces 
In S e c t i o n 3 . 2 we e s t a b l i s h e d t h a t a m a n i f o l d - l i k e , l o c a l d i s t a n c e 
s p a c e which i s l o c a l l y convex may be viewed as a d i s t a n c e s p a c e wi th t h e 
i n t r i n s i c d i s t a n c e . That i s , t h e i n t r i n s i c d i s t a n c e a g r e e s wi th t h e 
l o c a l d i s t a n c e in t h e s m a l l . A d d i t i o n a l l y , i f X i s f i n i t e l y compact 
in t h e i n t r i n s i c d i s t a n c e , we s e e from t h e p r e v i o u s s u b s e c t i o n t h a t 
t h e r e i s a c u r v e f j o i n i n g any two p o i n t s x and y o f X so t h a t 
T L ( f ) = x y . 
I f f i s t h e normal p a r a m e t e r i z a t i o n o f t h e p a r a m e t r i c c u r v e f and i f X i s 
a Riemann mani fo ld o f c l a s s C , q = 2 , then I L ( f ) = IL ( f ) = L ( f ) , where 
A A 
L ( f ) i s t h e l e n g t h o f f in terms o f t h e fundamental form ( s e e S u b s e c t i o n 
3 . 1 . 3 f o r a d i s c u s s i o n o f t h e p o i n t ) . R e c a l l t h e g e n e r a l r e l a t i o n , 
J X ( g ) — L ( g ) . Thus , f i s a g e o d e s i c in t h e mani fo ld X . We have e s t a b ­
l i s h e d t h e 
P r o p o s i t i o n . In a m a n i f o l d - l i k e , l o c a l l y c o n v e x , l o c a l d i s t a n c e 
s p a c e which i s f i n i t e l y compact w i th r e s p e c t t o t h e i n t r i n s i c d i s t a n c e , 
any two p o i n t s c a n be j o i n e d by a c u r v e o f minimal l e n g t h and t h i s l e n g t h 
equa l s t h e i n t r i n s i c d i s t a n c e between t h e two p o i n t s . 
C o r o l l a r y . L e t X be a Riemann mani fo ld o f c l a s s C^, q — 2 . Sup­
pose t h a t X i s f i n i t e l y compact w i th r e s p e c t t o t h e i n t r i n s i c d i s t a n c e . 
Then j o i n i n g any two p o i n t s o f X t h e r e i s a g e o d e s i c which h a s minimal 
l e n g t h . 
In e s s e n c e we have assumed t h e e x i s t e n c e o f minimal c u r v e s in t h e 
s m a l l ( o u r l i n e s e g m e n t s ) and d e m o n s t r a t e d t h e i r e x i s t e n c e in t h e l a r g e . 
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3 . 4 Unique Line Segments; Consequences 
We assume t h a t X i s a c o n n e c t e d , f i n i t e l y c o m p a c t , i n t r i n s i c 
d i s t a n c e s p a c e . We say t h a t t h e p o i n t x i s j o i n e d t o t h e p o i n t y by a 
unique l i n e segment i f t h e normal p a r a m e t e r i z a t i o n s o f any two l i n e s e g -
S*
 A / \ A A A. 
ments f and g, say f and g, wi th f ( 0 ) = g ( 0 ) = x and f ( l ) = g ( l ) = y a r e 
i d e n t i c a l . That i s , f ( t ) = g ( t ) f o r a l l t in t h e i n t e r v a l [ o , l ] . We 
denote t h e normal p a r a m e t e r i z a t i o n o f t h e l i n e segments j o i n i n g x t o y by 
0 ( . , x , y ) . S i n c e 0 ( . , x , y ) i s a normal p a r a m e t e r i z a t i o n o f a l i n e segment 
and s i n c e IL(0) = x y , i t f o l l ows t h a t 
x 0 ( t , x , y ) = t ( x y ) , y 0 ( t , x , y ) = (1 - t ) x y , 
and 
x 0 ( t , x , y ) + 0 ( t , x , y ) y = x y . 
I f t o each p o i n t x o f X t h e r e c o r r e s p o n d s a p o s i t i v e number 6 so 
t h a t any two p o i n t s o f t h e b a l l S ( x , 6 ) can be j o i n e d by a unique l i n e 
segment , then we say t h a t X has unique l i n e segments in t h e s m a l l . 
A Riemann mani fo ld o f c l a s s C^, q = 2 , has unique l i n e segments 
in t h e s m a l l . This s t a t e m e n t has been s t r e n g t h e n e d in [HWi] f o r Riemann 
mani fo lds o f dimension two. 
When a s p a c e h a s unique l i n e segments in t h e s m a l l , i t f o l lows as 
a consequence t h a t t h e f u n c t i o n 0 ( t , x , y ) i s a c o n t i n u o u s f u n c t i o n o f t h e 
t h r e e v a r i a b l e s t , x , y ( i f t h e d i s t a n c e xy i s s m a l l ) . More p r e c i s e l y we 
have t h e 
P r o p o s i t i o n . L e t X denote an i n t r i n s i c d i s t a n c e s p a c e which i s 
f i n i t e l y compact and which has unique l i n e segments in t h e smal l ( t h e 
normal p a r a m e t e r i z a t i o n o f t h e unique l i n e segment which j o i n s t h e p o i n t s 
x and y o f X i s denoted by 0 ( . , x , y ) a s a b o v e ) . L e t Cxn "j and 
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;
 0 be i n f i n i t e sequences in X which c o n v e r g e t o the p o i n t s x and y n n=0 ° r o 
y Q r e s p e c t i v e l y . Then 
l im 0 ( . , x n , y n ) = 0 ( . , x Q , y o ) 
in t h e uni form d i s t a n c e . 
"* 00 
The p r o o f i s i n d i r e c t . Suppose t h a t t h e sequence j^ 0(. j X ^ Y n ) [
 n _ Q 
does no t c o n v e r g e u n i f o r m l y t o 0 ( » > x o > y o ) » ^y d e f i n i t i o n o f uni form 
00 
c o n v e r g e n c e t h e r e e x i s t s a sequence o f numbers - t . in t h e i n t e r v a l 
°
 n
 n n=0 
[ 0 , l ] and a subsequence ( 0 ( . > x n , y n ) l n 6 g so t h a t 
^ n ' W n ^ n ' V ^ ~ 6 
f o r a l l i n t e g e r s n in t h e s e t S and f o r some f i x e d p o s i t i v e number 6 . 
S i n c e t h e c l o s e d i n t e r v a l [o , l ] i s c o m p a c t , we may suppose w i t h -
r 
out l o s s o f g e n e r a l i t y t h a t t h e sequence \ t n \ n e g c o n v e r g e s . From t h e 
r e l a t i o n s 
I L ( 0 ( . , x n , y n ) ) = x n y n — * x ^ 
and from t h e c o r o l l a r y t o t h e theorem o f A r z e l a and A s c o l i , i t fo l lows 
t h a t t h e r e i s a u n i f o r m l y c o n v e r g i n g subsequence j 0(. , x n , y n ) . » o f t h e 
sequence " 0 ( » > x n > y n ) " n e g ' Le t f denote t h e l i m i t c u r v e ; f = l im 0 ( . , x n , 
y n ) ( n S T ) . We show t h a t f i s t h e l i n e segment 0 ( . , x o , y Q ) . 
The lower s e m i - c o n t i n u i t y o f c u r v e l e n g t h , t h e c o n t i n u i t y o f d i s ­
t a n c e , and t h e f a c t t h a t each c u r v e 0 ( » J x n j y n ) i s minimal imply t h e 
r e l a t i o n s 
x Q y o = l im x n y n = l im ]L (0 ( . , x n , y n ) ) £ J X ( f ) ( n e T ) . 
But f i s a c u r v e j o i n i n g Xq t o y Q ; so 
1 ( f ) = x y r t 
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These two i n e q u a l i t i e s imply t h a t the c u r v e f i s min imal . 
Applying the t r i a n g l e i n e q u a l i t y t w i c e y i e l d s the i n e q u a l i t y 
x f ( t ) = x x + x 0 ( t , x , y ) + 0 ( t , x , y ) f ( t ) . 
o v / o n n ' n n v ' n , J n 
S i n c e 0 i s a normal p a r a m e t e r i z a t i o n o f a l i n e segment, 
x 0 ( t , x , y ) = ( x y ) t . 
n n n n n 
Thus, 
x f ( t ) = x x + t ( x y ) + 0 ( t , x , y ) f ( t ) . 
o o n n - ' n ' n ^ n 
The f i r s t and l a s t terms on t h e r i g h t hand s i d e o f the l a s t i n e q u a l i t y 
tend toward z e r o and the middle term tends toward t ( x y ) a s n runs 
o y o 
through T. Thus, 
x f ( t ) ^ t ( x y ) 
o o o 
In a s i m i l a r f a s h i o n we cou ld show t h a t 
y of(t) § ( 1 - t ) ( V o ) . 
Combining t h e s e two i n e q u a l i t i e s , we s ee t h a t 
x f ( t ) + y f ( t ) = x y 
o
 Jo oJo 
T h e r e f o r e , x f ( t ) + y f ( t ) = x y f o r a l l t in the i n t e r v a l [ 0 , 1 ] , E v i -
' o o o o 
d e n t l y , x Q f ( t ) = t ( x Q y o ) and y Q f ( t ) = (1 - t ) ( x ^ ) . 
S i n c e the l i n e segments a r e un ique , the p a r a m e t r i c c u r v e s f and 
0 ( . » x , y ) a r e i d e n t i c a l . Thus, 
o o 
l im 0 ( . , x n , y n ) 0 ( . , x o , y o ) = 0 ( n e T ) . 
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But the s e t T i s a s u b s e t o f t h e s e t S. We have argued t h a t 
0 ( t n , x n , y n ) 0 ( t n ) x o J y o ) £ 5 > 0 
f o r a l l i n t e g e r s n in t h e s e t T ( t h a t i s , in t h e s e t S ) . In view of 
t h e c o n v e r g e n c e o f t h e sequence £ t n j
 n e s
 a n c
*
 i n v i - e w ° f t h e uni form 
c o n v e r g e n c e o f t h e sequence 0^ (. >xn>yn)Jn€T> w e have a c o n t r a d i c t i o n . 
3 . 5 Hadamard's Theorem 
W h i t t a k e r ' s theorem, as g iven in C h a p t e r One, was i n t e r p r e t e d as 
an a s s e r t i o n o f t h e e x i s t e n c e o f a n o n - t r i v i a l , c l o s e d g e o d e s i c c u r v e . 
To d e s c r i b e t h e s e c u r v e s p r e c i s e l y , we i n t r o d u c e t h e c o n c e p t o f homo­
t o p y . I f i t i s g r a n t e d as t r u e t h a t W h i t t a k e r ' s h y p o t h e s e s i n s u r e t h a t 
t h e r i n g - s h a p e d r e g i o n i s l o c a l l y convex ( s e e S e c t i o n 1 . 3 and C h a p t e r 4 ) , 
then h i s theorem becomes a s p e c i a l c a s e o f a theorem o f Hadamard. 
In t h i s s e c t i o n we prove a v e r s i o n o f Hadamard's theorem which 
was d i s c o v e r e d by t h i s a u t h o r b e f o r e he became aware o f a more g e n e r a l 
r e s u l t in t h e l i t e r a t u r e ( s e e [ R ] ) . 
3 . 5 . 1 . Homotopy 
L e t f and g be c o n t i n u o u s f u n c t i o n s each hav ing domain t h e t o p o l ­
o g i c a l s p a c e Z and r a n g e a s u b s e t o f t h e t o p o l o g i c a l s p a c e Y . We say 
t h a t f i s homotopic t o g i f t h e r e i s a c o n t i n u o u s f u n c t i o n ^ ( z , t ) o f t h e 
two v a r i a b l e s — z in t h e s p a c e Z and t in t h e i n t e r v a l [o , l ] — such 
t h a t 
Y ( z , 0 ) = f ( z ) and Y ( z , l ) = g ( z ) . 
I f f i s homotopic t o g, then g i s homotopic t o f , and we say t h a t f and 
g a r e h o m o t o p i c . Homotopy i s an e q u i v a l e n c e r e l a t i o n on c o n t i n u o u s 
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f u n c t i o n s w i th domain Z and r a n g e a s u b s e t o f Y . 
L e t f and g be nowhere c o n s t a n t p a r a m e t r i c c u r v e s in t h e d i s t a n c e 
s p a c e Y ( r e c a l l t h a t f and g must be r e c t i f i a b l e ) . Denote by f and g, 
r e s p e c t i v e l y , t h e i r normal p a r a m e t e r i z a t i o n s . Then n e c e s s a r y and s u f ­
f i c i e n t c o n d i t i o n s f o r f and g t o be homotopic a r e t h a t f and g have t h e 
same domain and t h a t f and g be h o m o t o p i c . 
F o r suppose t h a t t h e p a r a m e t r i c c u r v e s f and g have t h e same 
domain, t h e i n t e r v a l [ a , b j , and t h a t t h e normal p a r a m e t e r i z a t i o n s f and 
g a r e h o m o t o p i c . Denote by T f ( t ) and T ( t ) t h e normal p a r a m e t e r s , i . e . , 
f o r example , 
T f(t) = I L ( f | [ a,t ] ) / I(f) . 
S i n c e f and g a r e h o m o t o p i c , t h e r e i s a c o n t i n u o u s f u n c t i o n * wi th domain 
t h e s q u a r e [o , l ] x [o , l ] and range a s u b s e t o f Y so t h a t 
Y(T , 0 ) = f(T) 
and 
* < T , 1 ) = g(T) 
f o r T in t h e i n t e r v a l [ 0 , l ] . L e t t h e c o n t i n u o u s f u n c t i o n t 1 be de f ined 
on t h e r e c t a n g l e [ a , b ] x [ 0 , l ] by 
(Def) ( t , r ) = t ( T f ( t ) , r ) . 
Then ^ » ( t , 0 ) = f ( T f ( t ) ) = f ( t ) and Y'(t,l) = g(r f(t)). 
Define the parametric curve h with domain [a>b] by 
(Def) h ( t ) = g ( T f ( t ) ) . 
Then t h e p a r a m e t r i c c u r v e s f and h a r e h o m o t o p i c . L e t t h e con t in u ou s 
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f u n c t i o n ^" be de f ined on t h e r e c t a n g l e [ a , b ] x [ p , l ] by 
( d e f ) * » ( t , r ) = g [ d - r ) T f ( t ) + r T ( t ) ] . 
Then Y " ( t , 0 ) = h ( t ) and Y " ( t , l ) = g ( T B ( t ) ) = g ( t ) so t h a t h and g a r e 
h o m o t o p i c . S i n c e homotopy i s an e q u i v a l e n c e r e l a t i o n , our s t a t e m e n t i s 
v e r i f i e d in one d i r e c t i o n . 
The o t h e r d i r e c t i o n can be v e r i f i e d by s i m i l a r argruments — we 
omit t h e d e t a i l s . 
The W h i t t a k e r theorem s u g g e s t s t h e i n v e s t i g a t i o n o f c l o s e d c u r v e s . 
F o r t h i s i n v e s t i g a t i o n t h e c o n c e p t o f homotopy i s not a p p r o p r i a t e . That 
i s , w i th t h i s c o n c e p t o f homotopy a c l o s e d minimal c u r v e o f a homotopy 
c l a s s need n o t y i e l d a p e r i o d i c dynamical s y s t e m . The minimal c u r v e may 
have a " c o r n e r . " The n e x t d e f i n i t i o n ( e q u i v a l e n t t o t h a t o f [RJ)will s e r v e 
t o e l i m i n a t e " c o r n e r s . " 
L e t f and g be c o n t i n u o u s f u n c t i o n s from t h e c l o s e d i n t e r v a l [ a , b ] 
w i th r a n g e s in t h e d i s t a n c e s p a c e Y . Suppose t h a t f ( a ) = f ( b ) and 
g ( a ) = g ( b ) . We say t h a t t h e f u n c t i o n f i s f r e e - h o m o t o p i c t o t h e f u n c ­
t i o n g i f t h e r e i s a c o n t i n u o u s f u n c t i o n ^ wi th domain t h e r e c t a n g l e 
[ a , b ] x [0,LJ and wi th r a n g e a s u b s e t o f t h e d i s t a n c e s p a c e Y so t h a t 
Y ( t , 0 ) = f ( t ) and Y ( t , l ) = g ( t ) f o r a l l t i n [ a , b ] , and so t h a t 
Y ( a , r ) = Y ( b , r ) f o r a l l r in [ 0 , l ] . I f f i s f r e e - h o m o t o p i c t o g, then g 
i s f r e e - h o m o t o p i c t o f , and we say t h a t f and g a r e f r e e - h o m o t o p i c . F r e e -
homotopy i s an e q u i v a l e n c e r e l a t i o n on c l o s e d p a r a m e t r i c c u r v e s . 
I f t h e p a r a m e t r i c c u r v e s f and g a r e nowhere c o n s t a n t , then n e c e s ­
s a r y and s u f f i c i e n t c o n d i t i o n s f o r t h e s e c u r v e s t o be f r e e - h o m o t o p i c a r e 
t h a t they have t h e same domain and t h a t t h e i r normal p a r a m e t e r i z a t i o n s be 
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f r e e - h o m o t o p i c . The arguments f o r t h i s r e s u l t a r e i d e n t i c a l t o t h o s e 
g iven f o r t h e s i m i l a r a s s e r t i o n about homotppic c u r v e s . 
In both t h e c a s e o f homotopy and t h e c a s e o f f r e e - h o m o t o p y , t h e 
r e s u l t i n g e q u i v a l e n c e c l a s s e s o f f u n c t i o n s w i l l be c a l l e d homotopy 
c l a s s e s . I t should be c l e a r from t h e c o n t e x t whether homotopy o r f r e e -
homotopy i s t h e r e l e v a n t c o n c e p t . 
3 . 5 . 2 . Homotopy and L o c a l C o n v e x i t y 
The c o n c e p t o f ( f r e e - ) homotopy i s a p p l i e d n e x t t o t h e problem of 
minimal c l o s e d c u r v e s in our l o c a l l y c o n v e x , m a n i f o l d - l i k e , l o c a l d i s ­
t a n c e s p a c e X . We assume t h a t t h e s p a c e X i s f i n i t e l y compact w i th t h e 
induced i n t r i n s i c d i s t a n c e . We a l s o assume t h a t X has unique l i n e s e g ­
ment in t h e s m a l l ( s e e S e c t i o n 3 . 4 ) . The normal p a r a m e t e r i z a t i o n o f t h e 
l i n e segment j o i n i n g t h e ( s u f f i c i e n t l y c l o s e ) p o i n t s x and y o f t h e s p a c e 
X i s denoted as b e f o r e by 0 ( . , x , y ) . 
Under t h e g e n e r a l as sumpt ions o f t h i s s e c t i o n , we have t h e 
Lemma. L e t jfn . be a sequence o f p a r a m e t r i c c u r v e s each 
hav ing as domain t h e i n t e r v a l [ a , b ] . Suppose t h a t 
l im f = f 
n o 
in t h e uni form d i s t a n c e . Then t h e r e e x i s t s a p o s i t i v e i n t e g e r N so t h a t 
t h e c u r v e f i s homotopic t o t h e c u r v e f f o r i n t e g e r s n - N . I f in 
n r o 
a d d i t i o n f n ( a ) = f n ( b ) f o r a l l i n t e g e r s n s u f f i c i e n t l y l a r g e , then 
f Q ( a ) = f Q ( t > ) and t h e r e e x i s t s a p o s i t i v e i n t e g e r N' so t h a t t h e c u r v e s 
f and f Q a r e f r e e - h o m o t o p i c f o r n = N ' . 
The n e x t p r o p o s i t i o n i s u s e f u l in prov ing t h i s lemma. 
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P r o p o s i t i o n . Le t 6 ( x ) be de f ined f o r each p o i n t x t o be the 
supremum o f t h e s e t o f numbers 6 such t h a t any two p o i n t s o f t h e b a l l 
S ( x , 6 ) can be j o i n e d by a unique l i n e segment . Then 6 ( x ) i s a lower 
s e m i - c o n t i n u o u s f u n c t i o n . 
P r o o f . I t i s e v i d e n t t h a t i f t h e i n e q u a l i t i e s x y < 6 ( x ) and x z < 6 ( x ) 
a r e s a t i s f i e d , then t h e r e e x i s t s a unique l i n e segment which j o i n s the 
p o i n t s y and z . C o n s e q u e n t l y , i f S (X q ) = » f o r some p o i n t x Q in t h e 
s p a c e X , then 6 ( x ) = » f o r a l l p o i n t s x . In t h i s c a s e t h e lower semi-
c o n t i n u i t y i s e v i d e n t . 
Suppose t h a t 6 ( x ) i s f i n i t e f o r a l l p o i n t s x . From t h e assumptions 
o f t h i s s u b s e c t i o n , 6 ( x ) i s p o s i t i v e f o r each p o i n t o f X . We a r g u e t h e 
s e m i - c o n t i n u i t y i n d i r e c t l y . 
Suppose t o t h e c o n t r a r y t h a t t h e r e i s a sequence o f p o i n t s 
x n \ n=0 ^ n ^ w ^ - t n ^ m *n = x 0 a n c * ^ m ^ ^ n ^ ^ x o ^ * ^ e T a a '^ suppose 
w i t h o u t l o s s o f g e n e r a l i t y t h a t l im 6 ( x ^ e x i s t s . Let t h e p o s i t i v e 
number e be s e l e c t e d so t h a t 3^ = &(Xq) - l im ^ ( x n ) • There i s a 
p o s i t i v e i n t e g e r N so t h a t 6 ( x ^ ) + 2e < &(Xq) f o r i n t e g e r s n e x c e e d i n g 
N. Assume t h a t t h e i n t e g e r N i s s e l e c t e d so l a r g e t h a t x n x Q < e . F o r 
n - N, we have 
S ( x n , 6 ( x n ) + e ) C S ( x o , 6 ( x o ) ) 
where S ( x , p ) = jy | xy < pj . T h e r e f o r e , any two p o i n t s o f t h e b a l l 
S ( x n , 6 ( x n ) + e ) can be j o i n e d by a unique l i n e segment . This s t a t e m e n t 
c o n t r a d i c t s t h e d e f i n i t i o n o f 6 ( x n ) . C o n s e q u e n t l y , l im 6 ( x ^ ) < 6 ( x Q ) i s 
i m p o s s i b l e , and t h e p r o p o s i t i o n i s p r o v e d . 
P r o o f o f t h e Lemma. We a r g u e t h a t t h e c u r v e f i s homotopic t o 
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t h e c u r v e f Q f o r s u f f i c i e n t l y l a r g e i n t e g e r s n. The c a s e o f f r e e -
homotopy i s e s t a b l i s h e d in a s i m i l a r f a s h i o n . 
The range o f t h e c u r v e f Q i s a compact s e t in X . From t h e lower 
s e m i - c o n t i n u i t y o f t h e f u n c t i o n 6 ( x ) on t h e s p a c e X, i t f o l lows t h a t 
t h e r e i s a r e a l number t Q in the i n t e r v a l [ a , b ] so t h a t 
6 ( f ( t ) ) £ 6 ( f ( t Q ) ) 
f o r a l l r e a l t in t h e i n t e r v a l [ a , b ] . Let 6 Q = 6 ( f ( t Q ) ) ; t h e number 6 q 
i s p o s i t i v e . 
From t h e uni form c o n v e r g e n c e o f t h e sequence <f { °° , t h e r e i s 
n j n=0 
a p o s i t i v e i n t e g e r N so t h a t 
f ( t ) f ( t ) < 6 
n o v ' o 
f o r a l l i n t e g e r s n =N and a l l r e a l t in f a , b ] . The d e f i n i t i o n s o f 6 Q 
and o f t h e f u n c t i o n 6 ( x ) imply t h a t t h e unique l i n e segment 0 ( . , f n ( t ) , 
f ( t ) ) e x i s t s f o r each i n t e g e r n —N. L e t t h e f u n c t i o n s ^ n be def ined by 
(Def) = 0 ( r , f n ( t ) , f Q ( t ) ) 
f o r n = N. From t h e uniqueness of t h e l i n e segments ( s e e t h e p r o p o s i t i o n 
of S e c t i o n 3 . 4 ) , we know t h a t t h e f u n c t i o n s Y a r e c o n t i n u o u s . T h e r e f o r e , 
t h e c u r v e s f and f Q a r e homotopic f o r a l l i n t e g e r s n which e x c e e d t h e 
i n t e g e r N. 
C o r o l l a r y . The homotopy c l a s s e s a r e c l o s e d . 
3 . 5 . 2 . Minimal Curves and Homotopy 
L e t X be a c o n n e c t e d , f i n i t e l y compact i n t r i n s i c d i s t a n c e s p a c e 
wi th unique l i n e segments in t h e s m a l l . 
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Combining t h e arguments used in prov ing t h e e x i s t e n c e o f minimal 
c u r v e s ( S e c t i o n 3 . 2 . 4 ) w i th t h o s e o f t h e p r e v i o u s s u b s e c t i o n , we have t h e 
Theorem (Hadamard) . In each homotopy ( f r e e - h o m o t o p y ) c l a s s t h e r e 
i s a p a r a m e t r i c c u r v e whose l e n g t h i s l e s s than o r equa l t o t h e l ength o f 
any o t h e r c u r v e o f t h i s c l a s s . 
I f X i s a Riemann mani fo ld o f c l a s s C^, q - 2 , i f X i s f i n i t e l y 
compact in t h e induced i n t r i n s i c d i s t a n c e , and i f a minimal c u r v e from a 
free -homotopy c l a s s has t h e normal p a r a m e t e r i z a t i o n 0, then t h e c u r v e 
0 i s a r e s t r i c t i o n o f a p e r i o d i c g e o d e s i c t o one p e r i o d . 
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CHAPTER IV 
ANALYTICAL CONDITION FOR LOCAL CONVEXITY 
AND WHITTAKER'S THEOREM 
In t h i s c h a p t e r t h e r e s u l t s of Chapter Three a r e a p p l i e d t o Riemann 
m a n i f o l d s t o p r o v e W h i t t a k e r ' s theorem i n a more g e n e r a l s e t t i n g than 
t h a t g iven in C h a p t e r One. As in Chapter Two, X w i l l denote t h e funda­
m e n t a l form o f t h e m a n i f o l d . S i m i l a r l y , o t h e r n o t a t i o n s from C h a p t e r s 
Two and Three may be used wi thout comment. 
Throughout t h i s c h a p t e r G w i l l denote an open c o n n e c t e d s u b s e t o f 
a Riemann mani fo ld X o f c l a s s C^, q - 3 . We suppose t h a t t h e boundary 
o f t h e open s e t G i s g i v e n by 
bdry (G) = { x | f ( x ) = o } , 
3 
where f i s a r e a l - v a l u e d f u n c t i o n o f c l a s s C on an open s e t in t h e mani ­
f o l d X. We assume t h a t t h e s e t bdry(G) i s bounded and t h a t t h e f u n c t i o n 
f s a t i s f i e s t h e i n e q u a l i t y 
X 1 J ( x ) 2 L . ( x ) 2 £ - ( x ) > 0 
i , j = l B x B x J 
f o r a l l p o i n t s x in b d r y ( G ) . F i n a l l y , t h e s e t c l ( G ) = GWbdry(G) i s 
assumed t o be f i n i t e l y compact in t h e i n t r i n s i c d i s t a n c e . 
An a n a l y t i c a l c o n d i t i o n on f w i l l be g iven which i m p l i e s l o c a l 
c o n v e x i t y o f t h e s e t G V A > d r y ( G ) . This c o n d i t i o n i s shown ( i n S e c t i o n 
4 . 4 ) t o be a g e n e r a l i z a t i o n o f t h e W h i t t a k e r c o n d i t i o n on t h e boundary o f 
t h e r i n g - s h a p e d r e g i o n ( s e e Chapter O n e ) . The l o c a l c o n v e x i t y and t h e 
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theorem o f Hadamard ( s e e S e c t i o n 3 . 5 ) combine t o y i e l d t h e W h i t t a k e r 
theorem. The f i r s t two s e c t i o n s o f t h i s c h a p t e r c o n t a i n p r e l i m i n a r y 
r e s u l t s . 
4 . 1 . S u r f a c e Normal C o o r d i n a t e s 
This s e c t i o n i s devoted t o i n t r o d u c i n g a s p e c i a l sys tem of c o o r ­
d i n a t e s . These c o o r d i n a t e s a r e d e s c r i b e d in t h e n e x t 
Lemma. Let x be a p o i n t o f b d r y ( G ) . In a neighborhood o f x* t h e r e 
i s a sys tem o f l o c a l c o o r d i n a t e s in which one o f t h e c o o r d i n a t e param­
e t e r s i s in magnitude t h e l e n g t h a long a g e o d e s i c p e r p e n d i c u l a r t o t h e 
boundary o f G. 
P r o o f . S i n c e we have assumed t h a t 
1 X 1 J ( * ) ^ (X)^T(X) > o , 
i , j = l 8x~ B x J 
a t l e a s t one o f t h e p a r t i a l d e r i v a t i v e s o f f must be n o n - v a n i s h i n g a t 
the p o i n t x . Suppose wi th no l o s s o f g e n e r a l i t y t h a t a t t h e p o i n t °:, 
r(S) i s d i f f e r e n t from z e r o . Denote by w / ( 1 ) t h e ( n - l ) - t u p l e 
d x - 1 - ~ 
( w ^ , w ^ , . . . , w n ) where w i s t h e n - t u p l e (w^,w^, w n ) . 
Applying t h e i m p l i c i t f u n c t i o n theorem, we see t h a t t h e r e i s a r e a l -
v a l u e d f u n c t i o n Y o f w / ( 1 ) which i s de f ined and c o n t i n u o u s and has c o n t i n ­
uous p a r t i a l d e r i v a t i v e s in some neighborhood U Q o f x / ( 1 ) in E u c l i d e a n 
( n - 1 ) s p a c e En~^ and s a t i s f i e s t h e r e l a t i o n s 
¥ ( £ / ( D ) = x 1 , 
and 
f [ Y ( w / ( l ) ) , w / ( l ) ] = 0 
f o r a l l w / ( l ) in U Q ' 
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Le t \ ; ( w / ( l ) ) denote t h e u n i t normal t o the s u r f a c e bdry(G) g iven 
by 
( D E F ) 
v 1(w/(l)) = 
i1 . . 3f 
V^=l v - y B x ^ Bx^1 | x = [ t ( w / ( l ) ) , v / ( l ) ] , 
i = 1 , n , and l e t 0 ( s , v , v ) be t h e g e o d e s i c wi th 0 ( 0 , x , v ) = x and 
0 ( 0 , x , v ) = v . 
Le t J](y_) be t h e mapping def ined by 
(Def) Tj(y) = 0 ( y l , [ Y ( V _ / ( 1 ) ) ,y_/ ( 1 ) ] , v [ y _ / ( l ) ] ) . 







(Def) t = T(y_/(1)) = 







v = ) \ v J , i = 1 , . . . , n , 1
 M 1J 
and I i s t h e ( n - l ) by ( n - l ) i d e n t i t y m a t r i x . 
To see t h a t t h e J a c o b i a n d e t e r m i n a n t i s g iven by e q u a t i o n ( 1 ) a b o v e , 
we compute t h e p a r t i a l d e r i v a t i v e s 
By 1 
Bll 
y* = o 
, i , j = 1 , n. F o r i n t e g e r s i = 1 , n , 




by d e f i n i t i o n o f t h e f u n c t i o n 0. F o r i n t e g e r s j = 2 , 3 , n, 
TL^O^Y/D)) = V (Y/(L)) 
YX=O ^ 
= - T(X/(1)) V (I/D)). 




-A (Y1) = &\ , 
AYJ J 
where we have used t h e f a c t t h a t 
TK0,X/(D) = 0{O,[^ (X/D)), X/(D] , v fc /U)} = [%/(!)) , Y_/(L)] 
Computing t h e J a c o b i a n d e t e r m i n a n t y i e l d s 
S3 
BY 
1 , 2 ^ 3 ^ n 
1 = V + TV VP + TV V, + . . . + TV V . 
Y =O ^ N 







• 7 • • 
3f AF 
Y^O 






ij 9f df ' 
dx 1 dx J 
n 
£ M- / 
i,j=l dx 1 dx J / 
df, 
dx" 
{ 0 . 
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S i n c e t h e J a c o b i a n d e t e r m i n a n t i s no t z e r o f o r any n - t u p l e y_ wi th 
y^ = 0 , t h e t r a n s f o r m a t i o n T[ i s o n e - t o - o n e and c o n t i n u o u s in both d i r e c -
1 2 n 
t i o n s from a ne ighborhood o f t h e p o i n t y = 0 (y , y a r b i t r a r y ) t o 
a ne ighborhood o f t h e p o i n t on t h e s u r f a c e 
a ( x / a ) ) > x / a ) ) . 
The mapping Tj ^ i s o n e - t o - o n e and c o n t i n u o u s in a ne ighborhood o f 
t h e p o i n t x on t h e boundary o f G. I f x i s in t h i s ne ighborhood , t h e 
f i r s t e n t r y in t h e n - t u p l e Tj ^ ( x ) i s in magnitude t h e l e n g t h a long a 
g e o d e s i c which i s p e r p e n d i c u l a r t o t h e s u r f a c e b d r y ( G ) . The n e i g h b o r ­
hood may be t a k e n so s m a l l t h a t t h e f i r s t e n t r y in TJ ^"(x) i s in magnitud 
t h e i n t r i n s i c d i s t a n c e between the p o i n t x and i t s " p e r p e n d i c u l a r p r o ­
j e c t i o n " on t h e s u r f a c e [ t ( x / ( l ) ) , x / ( l ) ] • En a d d i t i o n t h e n e i g h b o r ­
hood may be t a k e n so s m a l l t h a t t h e i n t r i n s i c d i s t a n c e between J ] " ^ ( x ) 
and i t s " p e r p e n d i c u l a r p r o j e c t i o n " [ t ( x / ( 1 ) ) , x / ( 1 ) ] i s t h e d i s t a n c e 
between x and t h e s e t b d r y ( G ) . 
i 
The c o o r d i n a t e s g iven by _H we c a l l s u r f a c e normal c o o r d i n a t e s . 
The i n t r o d u c t i o n o f t h e s e c o o r d i n a t e s i s n o t a l l o w a b l e in g e n e r a l s i n c e 
they a r e n o t s u f f i c i e n t l y d i f f e r e n t i a b l e . However, under our assumption 
3 
on t h e f u n c t i o n f ( i . e . , fcC ) t h e c o o r d i n a t e s w i l l be " a l l o w a b l e " i f t h e 
2 
man i fo ld X i s r e g a r d e d as a d i f f e r e n t i a b l e mani fo ld o f c l a s s C ( o r a 
Riemann m a n i f o l d o f c l a s s C ^ ) . 
4 . 2 . An Analogue o f t h e Theorem o f t h e 
Mean o f D i f f e r e n t i a l C a l c u l u s 
In d i f f e r e n t i a l c a l c u l u s t h e theorem o f t h e mean i s used t o d e t e r 
mine l o c a l b e h a v i o r o f r e a l - v a l u e d f u n c t i o n s which s a t i s f y s u f f i c i e n t 
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r e g u l a r i t y c o n d i t i o n s . We g i v e a r e s u l t which p l a y s an analogous r o l e 
f o r t h e r e a l - v a l u e d f u n c t i o n f . R e c a l l t h e g e n e r a l assumpt ions o f t h i s 
c h a p t e r . 
Lemma. Le t g be a p a r a m e t r i c c u r v e with domain [ a , b ] . Suppose 
t h a t g i s in c l a s s C^, q - 1 , and t h a t t h e p o i n t s g ( a ) and g ( b ) a r e on 
t h e boundary o f t h e s e t G. Suppose a l s o t h a t t h e r a n g e o f g i s a s u b s e t 
o f a ne ighborhood in which s u r f a c e normal c o o r d i n a t e s a r e i n t r o d u c e d and 
in which t h e y^"-coordinate o f any p o i n t in magnitude i s t h e d i s t a n c e 
between t h e p o i n t and t h e boundary o f G. Then, t h e r e i s a t ime t in t h e 
open i n t e r v a l ( a , b ) such t h a t 
1 . g ( t Q ) b d r y ( G ) ^ g ( t ) b d r y ( G ) f o r any t in [a ,b ] , 
and 
2 . t h e r e i s a g e o d e s i c p e r p e n d i c u l a r t o bdry(G) 
which i n t e r s e c t s and i s p e r p e n d i c u l a r t o g 
a t t Q and which has l e n g t h equa l t o g ( t Q ) b d r y ( G ) . 
F o r a p o i n t x o f X and a s u b s e t S we de f ine t h e d i s t a n c e between 
x and S, x S , by 
(Def) xS = i n f | x y | y e S 
The number xS i s c a l l e d t h e d i s t a n c e from t h e p o i n t x t o t h e s e t S. By 
c o n c l u s i o n one o f t h e lemma we a s s e r t t h e e x i s t e n c e o f a p o i n t on t h e 
p a r a m e t r i c c u r v e g hav ing maximum d i s t a n c e from t h e s e t b d r y ( G ) . 
P r o o f o f t h e lemma. The r e a l - v a l u e d f u n c t i o n d ( t ) = g ( t ) b d r y ( G ) 
i s c o n t i n u o u s on t h e compact s e t [ a , b j . Hence , t h e r e i s a r e a l number t Q 
between t h e end p o i n t s a and b which (w i thout l o s s o f g e n e r a l i t y we may 
suppose ) l i e s in t h e open i n t e r v a l ( a , b ) so t h a t 
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g ( t o ) b d r y ( G ) ^ g ( t ) b d r y ( G ) 
f o r any t in [a^b] . Let t h e n - t u p l e £ = (y^ , y n ) y i e l d s u r f a c e 
normal c o o r d i n a t e s f o r g ( t Q ) where t h e magnitude of $ 1 i s t h e d i s t a n c e 
from g ( t Q ) t o t h e boundary o f G. 
The y 3- c u r v e through t h e p o i n t g ( t Q ) i s normal t o t h e boundary o f 
G. We show t h a t t h i s c u r v e i s normal t o t h e p a r a m e t r i c c u r v e g a t g ( t Q ) . 
C o n s i d e r t h e d i s p l a c e d " p a r a l l e l " s u r f a c e fbdry(G)] ' de f ined by 
[ b d r y ( G ) ] * = { j r l y 1 = ? l } 
where y_ i s in s u r f a c e normal c o o r d i n a t e s . S i n c e g ( t ) b d r y ( G ) - | y^ | f o r 
a l l t in [ a , b ] ( d e f i n i t i o n o f £ = £ ( t Q ) ) and s i n c e g ( t Q ) b d r y ( G ) = ly*! I, 
g i s t a n g e n t t o [bdry(G)J a t £ . S i n c e y•'•-curves a r e normal t o 
[ - p v o i o 
bdry(G)J a t y_, t h e y - c u r v e through g ( t Q ) r y_ ^ s n o r m a l t o g« 
4 . 3 . A G e n e r a l i z a t i o n o f t h e W h i t t a k e r C o n d i t i o n 
In h i s theorem ( s e e C h a p t e r One) W h i t t a k e r g i v e s a c o n d i t i o n on t h e 
boundary o f a r i n g - s h a p e d r e g i o n which , he c l a i m s , i m p l i e s t h e e x i s t e n c e 
o f p e r i o d i c o r b i t s o f a dynamica l s y s t e m . In t h i s s e c t i o n we g i v e a 
c o n d i t i o n on t he boundary o f our s e t G which i m p l i e s l o c a l c o n v e x i t y o f 
t h e s e t GV/bdry(G) . In v iew o f t h e c o n n e c t i o n between Riemann mani fo lds 
and dynamica l sys tems ( s e e S e c t i o n 2 . 6 ) and in v iew o f t h e c o n n e c t i o n 
between l o c a l c o n v e x i t y and t h e e x i s t e n c e o f minimal c u r v e s in f r e e -
homotopy c l a s s e s , t h i s c o n d i t i o n i m p l i e s t h e e x i s t e n c e o f p e r i o d i c o r b i t s 
( i f t h e c l a s s e s a r e n o n - e m p t y ) . In t h e n e x t s e c t i o n we s h a l l show t h a t 




Denote by V = (V
 T . . . ) and o* = ( v - , , v ) , r e s p e c t i v e l y , 
•L n 
t h e c o n t r a v a r i a n t and c o v a r i a n t v e c t o r s normal t o t h e s u r f a c e bdry(G) a t 
df, t h e p o i n t x ( i . e . , \L = c r(8) , i=l, 
N BX 





1 J /2 
n, where 
Suppose t h a t f o r each s u f f i c i e n t l y s m a l l p o s i t i v e t , t h e p o i n t 
0 ( t , x , v ) on t h e g e o d e s i c 0 i s a p o i n t in G ( t h i s r e q u i r e m e n t may make 
n e c e s s a r y t h e l o c a l r e p l a c e m e n t o f t h e f u n c t i o n f by t h e f u n c t i o n - f ; 
bo th t h e e q u a t i o n - f ( x ) = 0 and t h e e q u a t i o n f ( x ) = 0 d e f i n e t h e s e t 
b d r y ( G ) ) . G e o m e t r i c a l l y t h i s c o n d i t i o n s i g n i f i e s t h a t t h e y ^ - c o o r d i n a t e s 
o f p o i n t s in G a r e p o s i t i v e wh i l e p o i n t s no t in the s e t GV7bdry(G) have 
n e g a t i v e y ^ - c o o r d i n a t e s . 
I f t h e r e a l - v a l u e d f u n c t i o n ®(t), de f ined f o r s u f f i c i e n t l y smal l 
| t | by a(t) = f ( 0 ( t , x,°O), i s expanded by T a y l o r ' s theorem ( i . e . , 
Qf(t) = a ( 0 ) + « ( 0 ) t + o ( t ) ) , then 
C(T) = 
I=I AX" T + O(T) 
Jt 
I.J=L BX BXJ 
t + O(T), 
where o ( t ) i s a f u n c t i o n which a f t e r d i v i s i o n by t t ends t o z e r o wi th t . 
We have used t h e f a c t s t h a t 




From t h i s e x p a n s i o n we c o n c l u d e t h a t t h e f u n c t i o n f i s p o s i t i v e 
for p o i n t s in t h e s e t G and n e g a t i v e f o r p o i n t s in t h e complement o f 
t h e s e t GV7bdry(G). 
4 . 3 . 1 . Convex Boundar ie s 
o 
L e t v be any u n i t t a n g e n t v e c t o r t o t h e s u r f a c e bdry(G) a t t h e 
p o i n t x ; t h a t i s , 
I , 
/ O v O i o j 
X. . ( x ) v v 
v a n i s h e s . We suppose t h a t s u r f a c e normal c o o r d i n a t e s have been i n t r o ­
duced in a ne ighborhood o f t h e p o i n t x . 
Denote by 9 ( s , x , v ) t h e " p e r p e n d i c u l a r p r o j e c t i o n " o f t h e t a n g e n t 
g e o d e s i c 0 ( s , x , v ) o n t o t h e s u r f a c e b d r y ( G ) . That i s , i f t h e s u r f a c e normal 
c o o r d i n a t e s o f t h e p o i n t 0 ( s , x , v ) a r e g iven by t h e n - t u p l e [ 0 ^ , 0 / ( 1 ) ] , 
then t h e n - t u p l e [ 0 , 0 / ( 1 ) ] y i e l d s t h e s u r f a c e normal c o o r d i n a t e s o f t h e 
p o i n t 6 ( s , x , v ) . This " p e r p e n d i c u l a r p r o j e c t i o n " i s de f ined f o r a l l 
s u f f i c i e n t l y s m a l l numbers |s | . Note t h a t 
f ( 9 ( s , x , v ) ) = 0 , 
0 ( 0 , x , v ) = x = 0 ( 0 , x , v ) , and 0 ( 0 , x , v ) = v = 9 ( 0 , x , v ) ( i n s u r f a c e normal 
•1 o o O i 
c o o r d i n a t e s 0 ( 0 , x , v ) = v 1 = 0 ) . 
We make t h e f o l l o w i n g 
o o 
D e f i n i t i o n . Suppose t h a t f o r any u n i t t a n g e n t v e c t o r v a t x t h e i n e q u a l i t y 
I [ * e V S , $ ) - f ( o , 8 , $ ) J 8 J \ {%) > o ( i ) 
i , j = l L J 
i s s a t i s f i e d ; then we say t h a t t h e boundary o f G i s convex a t x toward i t s 
i n t e r i o r . R e c a l l t h a t t h e v e c t o r v i s t h e u n i t normal v e c t o r which p o i n t s 
i n t o G. I f f o r each p o i n t 9. on t h e s e t bdry (G) i n e q u a l i t y ( 1 ) i s s a t i s f i e d , 
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we say t h a t t h e s e t bdry (G) i s a convex boundary . 
We r e l a t e i n e q u a l i t y ( 1 ) above t o an i n e q u a l i t y i n v o l v i n g t h e 
f u n c t i o n f . S i n c e f Q)(s ,x,v)J v a n i s h e s i d e n t i c a l l y in s , 




o = ^ F [e(S,X,?)] = £ [e(S,S,$)] V a^f 
s 2 M ; I ; J ds i,j=i ax ax' 
n 
?,f i=l ax 
T h e r e f o r e 
n 
y [e'^o.g,?) - 01(o,S^)]5Jx1.(S) 
1 , J=l 
n 
1=1 3 X 1 
_ V - 2 ^ (SjeVS.S^xO.g.S) 
X. _ ax ^xd £ 4 ( S ) M_(G)0J(O,°,°) 0\O)S,?) i, j, k=i J ax j,k=i 
n 
- y f,..(S)^ j 
where for integers i,j = 1, . . •, n, 
(Cef) _ 
a f /Q> f...(X) (x) -
ax axc k=: 
ri, (§>^§ &" 
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Hence t h e s t a t e m e n t t h a t b d r y ( G ) i s convex a t x* toward t h e 
i n t e r i o r o f G i s e q u i v a l e n t t o t h e a s s e r t i o n t h a t 
n 
i,T=i ' 1 J 
O 
i s a p o s i t i v e d e f i n i t e q u a d r a t i c form f o r a l l t a n g e n t v e c t o r s v t o t h e 
o 
s u r f a c e a t x . That i s , t h e i n e q u a l i t y ( 1 ) i s e q u i v a l e n t t o the inequal -
i,0=l 
f o r a l l v such t h a t 
1 1
 Sf rs-
o = y x . . ( § ) ? ^ j - y ^ t t ( x ) • 
N o t i c e a l s o t h a t our d e f i n i t i o n o f c o n v e x i t y o f b d r y ( G ) a t x* toward 
t h e i n t e r i o r o f G i s independent o f t h e c h o i c e o f a l l o w a b l e c o o r d i n a t e s 
which we i n t r o d u c e a t t h e p o i n t x . This s t a t e m e n t can be seen d i r e c t l y 
from i n e q u a l i t y ( 1 ) o f t h e p r e v i o u s s e c t i o n ; o r , by us ing t h e t r a n s f o r m a ­
t i o n r u l e s f o r t h e C h r i s t o f f e l symbols , we c o u l d show t h a t t h e r e i s a 
c o v a r i a n t t e n s o r o f second o r d e r which in any a l l o w a b l e c h a r t has c o o r ­
d i n a t e s 
f | „ ( § ) , i , j = 1 , . . . , n , 
a t t h e p o i n t x . 
4 . 3 . 2 . L o c a l C o n v e x i t y o f the Se t G 
Under t h e g e n e r a l assumpt ions o f t h i s c h a p t e r we have t h e 
o 
P r o p o s i t i o n . I f G has a convex boundary a t x , then f o r s u f f i c i e n t l y 
smal l v a l u e s o f t h e p a r a m e t e r |sj t h e g e o d e s i c t a n g e n t a t x t o the s e t 
b d r y ( G ) , 0 ( s , x , v ) , h a s no p o i n t s in common with t h e s e t G. 
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P r o o f . Le t t h e r e a l - v a l u e d f u n c t i o n a be de f ined f o r s u f f i c i e n t l y 
s m a l l v a l u e s o f | s | by 
(Def) Q?(s) = f(0 ( s , x , v ) ) , 
where 0 ( s , x , v ) i s a g e o d e s i c t a n g e n t t o t h e s e t bdry(G) a t x . By T a y l o r ' s 
formula wi th remainder 
c*(s) = Q?(0) + Q?(0)s + a ( 0 ) s 2 / 2 + o ( s 2 ) , 
2 2 
where o ( s ) denotes a f u n c t i o n which a f t e r d i v i s i o n by s tends t o z e r o 
wi th s . 
E v a l u a t i n g a ( 0 ) , we have 
<*(0) = f(0 ( O , x , v ) ) = f ( x ) = 0 , 
s i n c e § i s a p o i n t on b d r y ( G ) . By t h e c h a i n r u l e and the f a c t t h a t £ i s 
a t a n g e n t v e c t o r t o t h e s u r f a c e b d r y ( G ) a t x , 
n 
& ( 0 ) = I i^ ( x ) v 1 = 0 . 
S i n c e t h e f u n c t i o n 0 i s a g e o d e s i c , 
•d(o) = £ ?l±iMWi<o . 
i , j = l 
Thus, f o r a l l s u f f i c i e n t l y smal l v a l u e s o f | s | , ^ ( s ) i s n e g a t i v e . In 
v iew o f our c o n v e n t i o n s on t h e f u n c t i o n f , i t fo l lows t h a t t h e g e o d e s i c 
0 ( s , x , v ) h a s no p o i n t s in common wi th t h e open s e t G f o r s u f f i c i e n t l y 
s m a l l v a l u e s o f | s | . 
With ( l ' ) i t i s e a s y t o show t h a t " p a r a l l e l " s u r f a c e s a r e convex 
in t h e same s e n s e as t h e s u r f a c e bdry (G) i f they a r e s u f f i c i e n t l y c l o s e 
t o t h i s s u r f a c e . By " p a r a l l e l " s u r f a c e s we mean t h e s u r f a c e [ b d r y ( G ) ] ( k ) 
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where in s u r f a c e normal c o o r d i n a t e s 
(Def) [ b d r y ( G ) ] ( k ) = {y_ y 1 = k 
Of c o u r s e [ b d r y ( G ) ] ( 0 ) i s a p a r t o f t h e s u r f a c e b d r y ( G ) . F o r in s u r f a c e 
normal c o o r d i n a t e s t h e e q u a t i o n f ( x ) = 0 becomes y^ = 0 and t a n g e n t 
v e c t o r s have t h e form ( 0 , y , . . . , y n ) . Applying t h e d e f i n i t i o n o f f| „ 
t o i n e q u a l i t y ( ! ' ) o f t h e p r e v i o u s s u b s e c t i o n , we have in s u r f a c e 
normal c o o r d i n a t e s 
V rJ.(0,y<S .... ya)Wi > 0 . ( 2 ) 
i . T - 2 
F o r t h e f u n c t i o n f(y_) = y^ - k t h e l e f t - h a n d s i d e o f i n e q u a l i t y 
( l 1 ) r e d u c e s t o
 n 
i , j = 2 
From t h e c o n t i n u i t y o f r}.. and from i n e q u a l i t y ( 2 ) i t fo l lows 
t h a t f o r s u f f i c i e n t l y s m a l l v a l u e s o f | k| 
I rj. (Ky2, .... y*W >o 
f o r a l l t a n g e n t v e c t o r s ( 0 , ° ^ . . # J v n ) . 
We d i g n i f y t h i s a s s e r t i o n by say ing t h a t t h e " p a r a l l e l " s u r f a c e s 
a r e convex in t h e p o s i t i v e s e n s e . 
The n e x t lemma r e l a t e s t h e c o n c e p t s o f l o c a l c o n v e x i t y and c o n ­
v e x i t y o f t h e boundary . Under t h e g e n e r a l assumpt ions o f t h i s c h a p t e r 
we have t h e 
Lemma. I f G has a convex boundary , then t h e s e t c l ( G ) = GVybdry(G) 
i s l o c a l l y c o n v e x . 
I l l 
P r o o f . We show a s t r o n g e r r e s u l t , namely , t h a t i f x and y a r e 
s u f f i c i e n t l y c l o s e p o i n t s o f t h e boundary o f G, then t h e minimal c u r v e 
j o i n i n g t h e s e two p o i n t s l i e s in G e x c e p t f o r t h e two endpoints x and y . 
The p r o o f i s i n d i r e c t . I f t h e c o n t r a r y were t r u e , t h e r e would 
• ) 0 0 / - 0 0 
e x i s t two sequences o f p o i n t s x ^ andly on t h e boundary o f 
n i
- n - 1 f n n = l 
G such t h a t x n y n ~ * 0 as n-+ <» and such t h a t t h e minimal g e o d e s i c con­
n e c t i n g x n t o y n i n t e r s e c t s t h e boundary o f G. S i n c e t h e s e t bdry(G) 
i s a c l o s e d and bounded s u b s e t o f t h e f i n i t e l y compact s p a c e c l ( G ) , we may 
assume w i t h o u t l o s s o f g e n e r a l i t y t h a t 
l im ^ = l im y n = z 
f o r some p o i n t z on t h e boundary o f G. 
Let S ( z , 6 ) be a s p h e r i c a l ne ighborhood o f z in which s u r f a c e n o r ­
mal c o o r d i n a t e s a r e i n t r o d u c e d . R e c a l l t h a t t h e d i s t a n c e between two 
p o i n t s i s t h e i n t r i n s i c d i s t a n c e . We see t h a t t h e minimal c u r v e j o i n i n g 
two p o i n t s o f t h e s p h e r e S ( z , 6 / 2 ) l i e s in t h e s p h e r e S ( z , 6 ) . Le t t h e 
i n t e g e r n be t a k e n so l a r g e t h a t x^ and y n be long t o t h e sphere S ( z , & / 2 ) . 
F o r such i n t e g e r s n l e t g n ( t ) be t h e normal p a r a m e t e r i z a t i o n o f a minimal 
c u r v e j o i n i n g x R t o y n ( t h e r e i s only one i f t h e i n t e g e r n i s s u f f i c i e n t l y 
l a r g e ) . 
S i n c e ( a s we assume) g ( t ) i s a p o i n t on t h e s e t bdry (G) f o r some 
n n 
number t n in t h e i n t e r v a l ( 0 , 1 ) , t h e r e i s an i n t e r v a l [ a n > b n ] , 0 ~ a n - b n = l 
such t h a t t h e r e s t r i c t i o n o f g n t o t h e i n t e r v a l | a n , b ^ , denoted by 
gn | [^l '^n] » ^ a s n o P ° l n t s i n common wi th G. F o r i f t h e g e o d e s i c g n i s 
t a n g e n t t o t h e boundary o f G a t t h e p o i n t o f c o n t a c t g n ( t n ) , t h e c o n c l u ­
s i o n o f our p r o p o s i t i o n s y i e l d s t h e r e s u l t . I f t h e g e o d e s i c i s n o t 
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t a n g e n t a t t , i t must p e n e t r a t e t h e boundary o f G, and we have such an 
i n t e r v a l o f t h e form [ t n , b j o r [a , t j . 
We may assume w i t h o u t l o s s o f g e n e r a l i t y t h a t t h e p o i n t s 
g n ( a n ) and g n ( b n ) l i e on t h e boundary o f G. Applying our ana logue o f t h e 
theorem o f t h e mean t o t h e g e o d e s i c §nlCan>b 3 , we o b t a i n a number 6 n 
in t h e open i n t e r v a l ( a ,b ) so t h a t 
r
 n ' n ' 
g n ( e n ) b d r y ( G ) * g n ( t ) b d r y ( G ) 
f o r a l l r e a l t in [a n>bn3 . S i n c e the p o i n t g n ( Q n ) i s in t h e e x t e r i o r o f 
[G\.7bdry(G)J and s i n c e t h e s u r f a c e normal c o o r d i n a t e s o f such p o i n t s have 
n e g a t i v e y ' '"-coordinates , t h e y ' ' ' - coord inate o f g n ( ^ n ) i s ~ g n ( 6 n ) t>dry (G) . 
C o n s i d e r t h e " p a r a l l e l " s u r f a c e s 
[ b d r y ( G ) ] n = { y j y 1 = - g n ( 9 n ) b d r y ( G ) , y e S ( z , 5 ) ) . 
The g e o d e s i c g n i s t a n g e n t t o t h e " p a r a l l e l " s u r f a c e [bdry(G)J n a t t h e 
p o i n t g N ( 9 N ) ( t h a t i s , t h e g e o d e s i c g n i s p e r p e n d i c u l a r t o t h e y ^ - c u r v e 
a t t h a t p o i n t by our ana logue t o t h e theorem o f the mean) . 
S i n c e 
l i m
 Zn(®n) = z 
and, t h e r e f o r e , 
l im g n ( 9 n ) b d r y ( G ) = 0 , 
i t f o l l ows from t h e c o n v e x i t y in t h e p o s i t i v e s ense o f the s u r f a c e 
[ b d r y ( G ) ] n ( f o r i n t e g e r n s u f f i c i e n t l y l a r g e and f i x e d ) t h a t t h e y^-
c o o r d i n a t e o f g n ( t ) f o r t n e a r 9 n i s l e s s than t h e number 
- g N ( 9 n ) b d r y ( G ) . 
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This f a c t c o n t r a d i c t s t h e m a x i m a l i t y o f t h e d i s t a n c e g n ( t ) b d r y ( G ) f o r 
t = 9 . 
n 
From our arguments i t i s e v i d e n t t h a t t h e fo l l owing p a r t i a l c o n ­
v e r s e i s c o r r e c t . 
I f t h e s e t c l ( G ) = [GV/bdry(G) ] i s l o c a l l y convex and t h e q u a d r a t i c 
form 
V * / ' 0 \ ° i ° 1 / r I . . ( x ) v L v J 
i,3=i | 1 J 
i s d e f i n i t e f o r a l l t a n g e n t v e c t o r s v t o t h e s u r f a c e bdry (G) a t x 
( i . e . , 
then 
n 
Y F, ( x ) S i ? J ^ 0 ) , 
i , j = l 
v l > 0 . 
4 . 4 The W h i t t a k e r C o n d i t i o n 
We show in t h i s s e c t i o n t h a t c o n v e x i t y o f t h e s e t bdry (G) i s 
e q u i v a l e n t t o t h e boundary c o n d i t i o n s g iven by W h i t t a k e r f o r t h e c a s e 
c o n s i d e r e d by him ( s e e C h a p t e r One) . In t h i s c a s e our Riemann mani fo ld 
X i s an open s u b s e t o f t h e E u c l i d e a n p l a n e wi th fundamental form 
X . . ( x 1 ^ 2 ) = [ h - V ( x 1 , x 2 ) ] 6 
f o r i n t e g e r s i , j = 1 , 2 . The symbols 6 and x 1 d e n o t e , r e s p e c t i v e l y , t h e 
Kronecker d e l t a and E u c l i d e a n c o o r d i n a t e s o f t h e p o i n t x in t h e p l a n e . 
The number h i s t h e "energy" o f t h e dynamica l sy s t em and t h e f u n c t i o n V 
i t s p o t e n t i a l f u n c t i o n , which i s d e f i n e d and h a s c o n t i n u o u s second p a r t i a l 
d e r i v a t i v e s in X . 
We assume t h a t on t h e m a n i f o l d X t h e i n e q u a l i t y 
h - V ( x 1 , x 2 ) ^ a 
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h o l d s f o r some p o s i t i v e number a . This assumpt ion i m p l i e s t h a t X i s 
f i n i t e l y c o m p a c t . The s u b s e t G o f X in W h i t t a k e r ' s theorem i s a t o p o l o ­
g i c a l image o f an open a n n u l u s , t h e boundary o f G be ing two J o r d a n c u r v e s 
hav ing c o n t i n u o u s d e r i v a t i v e s through t h i r d o r d e r . ( A c t u a l l y , c o n t i n u o u s 
s e c o n d - o r d e r d e r i v a t i v e s s u f f i c e t o y i e l d t h e r e s u l t in t h i s c a s e . ) 
o f one o f t h e boundary c u r v e s ( s a y t h e " i n n e r " one) in a ne ighborhood o f 
S i n c e 9 ( s ) i s a p a r a m e t r i c r e p r e s e n t a t i o n o f a boundary c u r v e which we 
assume t o be g iven by t h e e q u a t i o n 
In t h e p l a n e l e t t h e f u n c t i o n ^_(s) be a p a r a m e t r i c r e p r e s e n t a t i o n 
t h e p o i n t x . L e t t h e p a r a m e t e r s denote E u c l i d e a n a r c l e n g t h so t h a t 
8 ( 0 ) = x . That i s , 2 
f ( x ) = 0 , 
we have 
f(6( 3)) = 0 . 
D i f f e r e n t i a t i n g , we s e e t h a t 




becomes , by e q u a t i o n ( 1 ) above and t h e d e f i n i t i o n o f ^ _ ( s ) , 
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i,j=l dx dxJ i,j,k=l J dx 
• Z (9(0))^ (0) i=l dx ds 
2 * ' 
+ y r* (e(0))^  (8(0))^  (0)^ (0) . 
LJ J dx 
1 , j , k = l 
o 
Denote by v t h e normal v e c t o r whose c o o r d i n a t e s a r e g iven by 
fli = J] Xlj(S) (S) . 
j = l 
Then, j = l dxJ 
2 ^ 2 . 
^ , , ( 9 ( 0 ) ) ^ ^ ( 0 ) 
1 J
 " d s 2 
. I f.-.cx)?^  . Y 
2 
r41 , (6(0))^ 2^_(0) ~R(0) + y / « / A X x . o k d 9 % r t X d0 i j , k ds x ' ds 
2 
i , j7k=l 
From the f a c t t h a t 
f S1^ «lk = [h - vd)]-1 I W xlk(£) = o, 
i , k = l i , k = l 
we see t h a t 
dx* 




l.T-i | l J 1,^-1 
2 
V(I)]6..v0i ^ ( 0 ) 
J
 ds 
+ 1/2 ) k=l \ ( x ) v
o k 
R e c a l l t h a t t h e normal v e c t o r v_ i s s e l e c t e d so t h a t i t " p o i n t s " i n t o t h e 
r e g i o n G. Hence , v ^ = kcos y , v 2 = k s i n y , where 
« i. r 2 k = [h - V ( x ) ] 
_ I. 
r i ij/°n df ,oN a f /O. 
^ A. J(x) " ( X ) 7 ( X ) 
i , j = i axx axJ 
and y i s t h e ang le s p e c i f i e d by W h i t t a k e r ( i . e . , t h e o r i e n t e d a n g l e 
between t h e x - a x i s and t h e o u t e r normal — see C h a p t e r One) . On t h e i n n e r 
boundary c u r v e 
dV 
ds2 
( 0 ) = 
P ( x ) • v.- cos Y + & . _ sin y 
f o r i n t e g e r s i = 1,2, where ,o. i s t h e E u c l i d e a n r a d i u s o f c u r v a t u r e o f 
P (x) 
t h e i n n e r c u r v e a t t h e p o i n t x . The q u a d r a t i c form becomes 
2 
c / o N o i o j f I . . ( x ) v v = k 
h - V ( x ) . 1 av p® i , J = l 
+ "a — - ( x ) c o s Y 
Bx 
, i av , o . . 1 
ax 
and t h e h y p o t h e s i s t h a t t h i s form be p o s i t i v e on t h e i n n e r c u r v e i s seen 
t o be e q u i v a l e n t t o W h i t t a k e r ' s c o n d i t i o n on t h e i n n e r c u r v e (k i s 
p o s i t i v e ) . The e q u i v a l e n c e on t h e o u t e r c u r v e i s e s t a b l i s h e d in a 
s i m i l a r f a s h i o n . 
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SUMMARY 
F o r a Newtonian dynamica l sys tem o f two d e g r e e s o f freedom, 
W h i t t a k e r ' s theorem ( A n a l y t i c a l Dynamics, page 3 8 9 ) a s s e r t s the e x i s t -
t e n c e o f a n o n - t r i v i a l p e r i o d i c o r b i t which l i e s w i t h i n a r i n g - s h a p e d 
r e g i o n o f the x , y - p l a n e . W h i t t a k e r ' s p r o o f i s i n c o m p l e t e . By means o f 
M a u p e r t u i s ' p r i n c i p l e we i n t e r p r e t the theorem as an e x i s t e n c e theorem 
f o r c l o s e d g e o d e s i c c u r v e s in a Riemann m a n i f o l d . In t h i s s t u d y , i t i s 
shown t h a t the h y p o t h e s e s o f W h i t t a k e r ' s theorem imply a type o f c o n v e x i t y 
o f the r i n g - s h a p e d r e g i o n wi th segments o f g e o d e s i c c u r v e s r e p l a c i n g l i n e 
segments . 
By means o f the c o n n e c t i o n between Riemann geometry and dynamical 
sys tems o f n - d e g r e e s o f freedom, W h i t t a k e r ' s theorem i s g e n e r a l i z e d and 
p r o v e d . Our p r o o f i s based on H i l b e r t ' s approach t o the e x i s t e n c e o f 
c u r v e s o f l e a s t l e n g t h and on the c o n v e x i t y p r o p e r t i e s impl ied by Whi t -
t a k e r ' s h y p o t h e s e s ; i t i s broken i n t o two p a r t s . 
The f i r s t p a r t o f our p r o o f u s e s an o r i g i n a l approach to the 
i n t r i n s i c geometry o f d i s t a n c e s p a c e s ( m e t r i c s p a c e s ) which c u l m i n a t e s 
i n a p r o o f o f the fo l lowing theorem o f Hadamard: 
Wi th in each free -homotopy c l a s s o f a c o n n e c t e d , f i n i t e l y compact 
i n t r i n s i c d i s t a n c e space which h a s unique l i n e segments in the s m a l l , 
t h e r e i s a p a r a m e t r i c c u r v e whose l e n g t h i s l e s s than o r equal t o the 
l e n g t h o f any o t h e r c u r v e o f t h i s c l a s s . 
With Hadamard's theorem and w i t h M a u p e r t u i s ' p r i n c i p l e we e s t a b ­
l i s h the fo l l owing g e n e r a l i z a t i o n o f W h i t t a k e r ' s theorem: 
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L e t G d e n o t e an open c o n n e c t e d s u b s e t o f the n -d imens iona l Riemann 
3 
man i fo ld X o f c l a s s C ; l e t the boundary o f G be the s e t 
bdry(G) = { x | f ( x ) = 0 
3 
where f i s a r e a l - v a l u e d f u n c t i o n o f c l a s s C on an open s e t i n X and 
where (we assume) f ( x ) > 0 f o r p o i n t s x which a r e common t o t h e s e t G and 
t o the domain o f the f u n c t i o n f . Suppose t h a t the c l o s u r e o f G, 
c l ( G ) = G \ 7 b d r y ( G ) , 
i s f i n i t e l y compact and suppose t h a t f o r each p o i n t x in bdry(G) 
i , j = l 
where f | , i , j = 1 , n, denote c o o r d i n a t e s o f the second c o v a r i a n t 
d e r i v a t i v e w i t h r e s p e c t t o t h e fundamental form o f X and where 
v 1 , i = 1 , . . . , n, d e n o t e c o o r d i n a t e s o f an a r b i t r a r y c o n t r a v a r i a n t 
v e c t o r which i s t a n g e n t t o the s u r f a c e bdry(G) a t the p o i n t x , i . e . , 
n 
Y ^ r ( x ) v ^ = 0 . Then in each f ree -homotopy c l a s s o f c l ( G ) , t h e r e i s a 
i = l d x 1 
c u r v e hav ing minimal l e n g t h ; t h i s c u r v e i s a c l o s e d g e o d e s i c o f the mani ­
f o l d X and l i e s w i t h i n the open s e t G. 
I f the Riemann mani fo ld X has fundamental form 
[h - V ( x ) M x ) 
3 
where h i s a f i x e d r e a l number, V i s a r e a l - v a l u e d f u n c t i o n o f c l a s s G 
3 
and X i s a fundamental form o f c l a s s C , then the c l o s e d g e o d e s i c o f X 
which l i e s in G c o r r e s p o n d s t o a p e r i o d i c o r b i t o f a L a g r a n g i a n dynamical 
sy s t em; t h e dynamica l sys tem h a s p o t e n t i a l V, and the p e r i o d i c o r b i t h a s 
e n e r g y h. 
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APPENDIX A 
CALCULUS OF VARIATIONS 
L e t f denote a r e a l - v a l u e d f u n c t i o n wi th domain the open s u b s e t o f 
E u c l i d e a n (2n + 1) s p a c e 
( t , x , w ) | - o o < t < o o , ( x , w ) e U j , 
where x and w d e n o t e n - t u p l e s . Suppose t h a t the f u n c t i o n f h a s c o n t i n u -
d f 
ous f i r s t p a r t i a l d e r i v a t i v e s ; we denote the p a r t i a l d e r i v a t i v e — ^ by 
d f S x f . i and the p a r t i a l d e r i v a t i v e — . by f i . f o r e a c h i n t e g e r i = 1 , . . . , n. 
a w ' 
A f u n c t i o n x o f the r e a l p a r a m e t e r t w i l l be c a l l e d a d m i s s i b l e i f i t has 
the fo l lowing p r o p e r t i e s : 
1 . x i s d e f i n e d , c o n t i n u o u s and has a c o n t i n u o u s 
d e r i v a t i v e on the i n t e r v a l [ a , b ] , 
2 . x ( a ) = x and x ( b ) = x f o r f i xed n - t u p l e s x and 
x, and 
3 . ( x ( t ) , x ( t ) ) be longs t o the open s e t U f o r each 
t ime t in the i n t e r v a l { a , b ] . 
Lemma ( E u l e r , L a g r a n g e ) . I f , f o r the f i x e d a d m i s s i b l e f u n c t i o n x , 
t h e i n e q u a l i t y 
•b
 r b 
f ( t , x ( t ) , x ( t ) ) d t = f ( t , z ( t ) , z ( t ) ) d t 
a J a 
i s s a t i s f i e d f o r an a r b i t r a r y a d m i s s i b l e f u n c t i o n £ , then the f u n c t i o n x 
s a t i s f i e s the system o f o r d i n a r y d i f f e r e n t i a l e q u a t i o n s ( E u l e r ' s equa­
t i o n s ) 
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I f in a d d i t i o n the f u n c t i o n f h a s c o n t i n u o u s second p a r t i a l 
d e r i v a t i v e s and i f the d e t e r m i n a n t o f t h e m a t r i x w i t h ( i , j ) - e n t r y 
f| ^ | j i s n o n - v a n i s h i n g f o r t in [ a , b ] and (x»w) in U, then the f u n c t i o n 
x ( t ) h a s two c o n t i n u o u s d e r i v a t i v e s on [ a , b ] . 
F o r t h e p r o o f o f t h i s lemma s e e [CH; pp. 1 8 4 - 2 0 2 ] . 
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